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I1. Second Memoir on the Compositions of Numbers.

By Major P. A. MacManox, R.A4., D.Sc., F.RE.S.
Received August 23,—Read December 6, 1906.

PREAMBLE.

Ix a Memoir on the Theory of the Compositions of N umbers, read before the Royal
Society, November 24, 1892, and published in the °Philosophical Transactions’ for
1893, I discussed the compositions of multipartite numbers by a graphical method.
The generating function produced by the method was of the form
1
1—Soy +(1—X) Seyoy— (1 —N)* S0+ ... .

a symmetrical function of the quantities a.

The investigation of the present paper leads, in part, to the same generating function
which is subjected to a close examination. Moreover, the whole research has to do with
the compositions of numbers, and appropriately follows the Memoir of 1893.

The problem under investigation, which was brought to my notice by Professor
SimoN NEwcomB, may be stated as follows :—

A pack of cards of any specification is taken—say that there are p cards marked 1,
¢ cards 2, r cards 3, and so on—and, being shuffled, is dealt out on a table; so long as
the cards that appear have numbers that are in descending order of magnitude, they
are placed in one pack together—equality of number counting as descending order—
but directly the descending order is broken a fresh pack is commenced, and so on until
all the cards have been dealt. The result of the deal will be m packs containing, in
order, a, b, ¢, ... cards respectively, where, n being the number of cards in the whole

pack, (abe...)

is some composition of the number 7, the numbers of parts in the composition being .
We have, then, for discussion—
(1) The number of ways of arranging the cards so as to yield a given composition

(abe...);

(2) The number of arrangements which lead to a distribution into exactly m packs.
These problems, and many others of a like nature, are solved in this paper.
VOL. COVIL—A 414, K ' 21.1.07
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66 MAJOR P. A. MAcMAHON ON THE COMPOSITIONS OF NUMBERS.

The first of the two questions has given rise to two new symmetric functions,
habc.,.a Wape... s

of great interest, which supply the complete solution. The second gives rise to the
same generating function that presented itself in the first Memoir. It is here
attacked by the calculus of symmetric function differential operators, and a number
of new results obtained. |

If the whole pack be specified by the partition

(pgr...),
there is a one-to-one correspondence between the arrangements which lead to a
distribution into m packs and the principal compositions, involving m—1 essential
nodes, of the multipartite number

Part 1. is concerned with an elementary theory of the case in which the cards are
all numbered differently.

The general case, which is more difficult, is dealt with in Part 11,

To make what follows clear to the reader, I commence with some elementary
notions concerning the connection between the partitions and compositions of
numbers on the one hand, and permutations and combinations of things on the other
hand, and T also specify and describe the nomenclature and notation that I have
found it convenient to adopt. A suitable notation is, indeed, of the first importance
in this subject, as 1 hope to make evident as the investigation proceeds.

IntrODUCTORY.

Art. 1. Any succession of numbers, written down from left to right at random,

such as
142771,

is termed a ““ composition” of the number which is the sum of the numbers.
If the numbers be arranged in descending order from left to right,

774211,

the succession is termed a “descending partition,” or simply a ¢ partition” of the
number which is the sum of the numbers.
Or, if we arrange in ascending order of magnitude,

112477,

the succession may be termed an * ascending partition.”
Generally, in speaking of partitions, we understand that the descending order is
meant ; but it is convenient sometimes to consider them as being defined by an

ascending order.
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MAJOR P. A, MaAcMAHON ON THE COMPOSITIONS OF NUMBERS. 67

There is no other method of ordering a collection of numbers which is of general
application.

We see that the same collection of numbers gives rise to only one partition, but, by
permutation, to more than one composition.

Art. 2. Both partitions and compositions have an appropriate graphical represen-
tation. That of a partition was first given by FErRRrERS, and the notion was elaborated
by Syrvester during the time he was at the Johns Hopkins University in Baltimore,
U.S.A. It consisted merely in writing a row of nodes, or units, corresponding to each
number (or part) of the partition, the left-hand nodes of the rows being placed in a

vertical line. Thus
774211

is denoted by
® 3 & e e

-

Art. 3. A trial will show that this method is not suited to compositions. One
method, effective for certain purposes, was given by the author.®* To indicate it,
consider the eomposition

of the number 7.
) S — 3K v ¢ e s
We take seven segments on a line, and place nodes, *, so that the line is divided
off into 1, 4 and 2 segments respectively in order. The conjugate composition is
reached from this by suppressing the existing nodes and placing nodes at the points
of division which are free from nodes.
Thus '

o e s e K e 3K e ¢ e 3 e

denotes the composition 21121,

Art. 4. There is a more illuminating mode of representation which is here given, it
is believed, for the first time; it is akin to the method of FrrRrErs, and enables
methods of research which SYLVESTER'S exertions have made familiar.

It consists in taking rows of nodes in order and placing the left-hand node of any

row vertically beneath the right-hand node of the previous row.

Thus
142

is denoted by
®

* «Memoir on the Theory of the Compositions of Numbers,” ¢ Phil. Trans. Roy. Soc.,” 1893,
K 2
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68 MAJOR P. A. MAcCMAHON ON THE COMPOSITIONS OF NUMBERS.
and 142771
by ®
® 00600
® e

This graph is read horizontally ; the conjugate is obtained by reading vertically,

giving
21122111112111112,
or, in brief notation,
21%2%1521°2.

We may also read the graph horizontally from bottom to top and vertically from
right to left, obtaining generally four compositions from the graph.

The graph is a zig-zag one and will be, without doubt, an important instrument of

research,

Parr [.—SecTion 1.

Art. 5. Consider the permutations of the first n integers, and for simplicity
take n = 9.
Writing down a permutation at random,

31]4]5|92|76]8,

it is clear that lines can be drawn separating the numbers into compartments in such
wise that in each compartment the numbers are in descending order of magnitude.
We can then write down a succession of numbers which describe the size of the
compartments, proceeding from left to right, and thus arrive at a composition

211221
of the number 9.

I say that the permutation under examination has a descending specification
(211221) or (21%2°1).
Similarly, from the ascending character
3|1459|27 68
of the same permutation, I say that the ascending specification is
(1422) or (1427,

where it is to be noticed that 142? is the composition of 9 which is conjugate to
2122%1, the composition which specifies the descending character. This is shown hy
the zig-zag graph
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MAJOR P. A. MACMAHON ON THE COMPOSITIONS OF NUMBERS. 69

L.L_.

.

Art. 6. We can now formulate the question: Ot the permutations of the first n
numbers, how many have a descending specification denoted by a given composition
of the number n? Whatever the answer, 1t is clear that the same answer must, in
general, be given for three other compositions, viz., the three others associated with
the zig-zag graph. In fact, from

314592768 of specification 211221,

we derive 867295413 ., 2241 ;

and from these two by changing the number m into n—m+1,
796518342 of specification 1422,

and so forth. 243815679 » 122112

In two cases there are two associated compositions instead of four, viz. :—
(i) When the composition reads the same as its inverse (that is the same from
left to right as from right to left),
(i) When the conjugate and the inverse are identical, as in 221, whose
conjugate is 122.
*The number of self-inverse compositions of an even number 2m and of an uneven

number 2m+1 1s om

The number of inverse-conjugate compositions of an uneven number 2m + 1 is
2777,

Hence, in the present theory, the number of different numbers that appear in the
case of an even number 2m is, since the whole number of compositions is 2%,
%_. 2m+i_ (22771—-1_211:),

— 27)1—2 (2711—-1+ 1) ;

and, in the case of an uneven number 2m+1,
%2m+%2m+_‘}_ (221);_2m+1),

— 2m—1 (2m-—] +1) .

viz., 1t 18 - _
’ zn 3+21/2(n 4),

or

-3 1/2(n—3
‘ on=B 4 QU=
&CCOl’dlllg as 7 18 evern or uneven,

* See “ Memoir on the Theory of the Compositions of Numbers,” ¢ Phil. Trans. Roy. Soc.,” 1893,
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70 MAJOR P. A. MAcMAHON ON THE COMPOSITIONS OF NUMBERS.

Art. 7. Let N (abe...) denote the number of permutations of the first n integers
which have a descending specification denoted by the composition

(abe...)
of the number =,

Obviously N(a)=1, a=mn.

To determine N (ab), @+ = n, separate the n integers into two groups, a left-hand
group of @ numbers chosen at random and a right-hand group of the remaining /)
numbers. This can be done in

( 'n> different ways.
\% ’

5 . n! ny . .
I write —— = in a common notation |; now arrange each group ot
) al(n—a)! 7 © ®

. . . ’}Q,\ .
numbers in descending order of magnitude for each of the ( q) separations ; we thus

obtain each of the permutations enumerated by N («, b) and the one permutation
cnumerated by N (a-+D).

Hence N (@h)+N (a+D) = 1),

47
7/

=), ) =)

or

Again, to find N (abc), we separate the n integers into three groups containing
«t, b, and ¢ integers respectively ; this can be done in
n!
alh!le!
different ways ; placing the numbers in each group in descending order, we obtain all
the permutations enumerated by '

N (abe), N(a+b, ), N{(a, b+c¢), N{a+b+ec).
Hence
N (ahe) +N (b, )+ N (i, bte)+ N (akbre) = -0
leading to

n! 7! n! n!
N (abe) = aldlel (a+b)lel al(b+c)! " (a+b+c)t’

where a+b+c¢ = n.

Similarly we find

_ n! _ n! _ n! — n!
N{abed) = T oTadt ™ G n) el AT G o) i~ albl (e )]

n n! 4o n! + 7! _ n!
(a4+0)! (c+d)! " (a+b+e)td!  al(b+e+d)! (a+bd+e+d)!’
where a+b+c+d = n,
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MAJOR P. A. MACMAHON ON THE COMPOSITIONS OF NUMBERS. 71

The general law is clear; the letters «, 0, ¢, d are always in order in the
denominators and the sign of a fraction depends upon the number of factors in its
denominator.

We can thus calculate the number of permutations appertaining to each of the
2"~* compositions of 7.

It has been established independently, by the aid of the zig-zag graph, that these
numbers N(...)

are equal in four’s or in two’s.
Art. 8. The sum of the numbers N (...) is of course n!
The details of the above results for

n=2 84,56
are given for easy reference.

N(2) = 1 1
N(1) = 1 1
| 2 = 2!
N@B) =N(¥) = 1 2
N(@21)=N(12)= 2 4
6 = 3!
N@) =N(1Y) =1 2
N(31) = N(18) = N(21*) = N(1%2) = 3 12
N(22) =N(121)= 5 10
24 = 4!
N@GB) =N =1 2
N(41) =N (14) =N (21°) =N(1"2) = 4 16
N (32) = N (23) = N(121%) = N(1%21) = 9 36
N (31%) = N(1°8) 6 12
N (2°1) =N(12°) =16 32
N (181) =N (212) =11 22
120 = 5!
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72 MAJOR P. A. MACMAHON ON THE COMPOSITIONS OF NUMBERS.
N(6) =N(1) =1 2
N (51) =N (15 ) =N(1'2) = 20
N (42) =N (2 ) 1%21) =N (121°) = 14 56
) =N(1%21%) = 19 38
N (41%) = N (1%) =N (31%) =N(13) =10 40

3
141) = N (21%2) =19 38
2 N (1
173

N (21
N(
N(3
(
N(
NY(
N(1
N(
N

(
N (321) = N (123) = N (2°1?) (122) =385 140
N (812) = N (218) = 1) = N(181?) =26 104
N (182) = N (281) = N (2121) = N (1212) = 40 160
2%) N (1221) =61 122

720 = 6!

Art. 9. Some simple summations are obtainable from elementary considerations.
In regard to the permutations of the first » integers, let

SN (s...),
where s < n, denote the sum of all numbers N (...), such that s is the first number in
the specifying composition. Take any s-+1 of the numbers

1,2, 3,...n,
and arrange them from left to right in such wise that the first s numbers are in
descending order and the s-+1" number greater than the s . this can be done in

s( ) ways;
‘<s+1 e

the remaining 7—s—1 numbers can be arranged in (n—s—1)! ways, so that, placing

them to the right of the former, we arrive at the result

SN (5...) = 5 L

(s+1)!
Art. 10. Again, denoting by
SN (1°78..0)

the sum of all numbers N (...) of which the specifying compositions commence with
exactly s—1 units, the consideration of the properties of conjugate zig-zag graphs

establishes that SN (170...) = 3N (5...),
with a single exception where s = n; e.g.,

. % 7
SN (1) = *3N (1...) = o,

=

tSN(1...) = SN (2...

SN
I

[\)
el

and so on.

* No restriction is placed upon the number next to the unit in this case.
t Here the number following the unit must be > 1.
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MAJOR P. A. MaAcMAHON ON THE COMPOSITIONS OF NUMBERS. 73

Art. 11. Again, for the summation
SN (1°...),

where the composition begins with af least s units, we easily obtain the value

(s+1)t°

The Multiplication Theorem.

Art. 12. A fundamental property of the numbers N (...) will be established from
“elementary considerations ; it will, later on in the paper, be generalised.

Let
N (aty...ct,)

be derived from the permutations of p different integers, and
N (“s+1“s+2-~as+t)

from the permutations of n—p different integers ; it is to be shown that

n
<a1+c¢2+ +0&s>N (gt o) N (g1 @gpge . gy

= N (g i) + N (e Oy, O iy Ui Oy),

where on the right the reference is to the permutations of n different integers.

Out of the n numbers
1,2, 3,...n,
we can select

W+ gt ... Fa,
numbers in

n \)
G+ g+ ...+
ways, and arrange each selection, so as to have a descending specification
- (...,
m
N (a,a,...a) ways;
the remaining numbers can be arranged, to have a descending specification
. (a’s-i-lafs+2' --a’s+t);
in
N (as+1@s+2-~-as+t) ways ;
placing the latter to the right of the former there appears
" N (... 0t5) N (Cgi 1oz .. Wgis)
O+ g+ ...+, s s+ s+t

arrangements.
VOL. COVIL—A. L
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74 MAJOR P. A. MAcMAHON ON THE COMPOSITIONS OF NUMBERS.

Now, combining the two sets of numbers, we find that either there is or there is not
a break in the descending order between

Ay &Hd W51 5
hence the number of arrangements is also
N (ty0tg. . @ers) + N (ytge. gy, At Uiy, Opgen Ory). QE.D.

Art. 18. Regarded as a numerical theorem, the multiplication is commutative, but
in regard to form it is not commutative ; thus, by considering the multiplication

N (tg1yige. i) N (5. .. 1,),
we obtain the linear relation

N (b . sr) + N (g Clyy, Ot Gy, ByineniCoyy)
= N (Cgrgige o Oorglynn ) + N (Cgpro o Cyoa,y Byt ).

Observe also that the order of the numbers in brackets in any number N (...) can
be reversed at pleasure and thus new forms of results obtained.
As a verification : from the tables
/
(§>N(12)N(11)==N(12v)+-N(131):aN(1@)+—N<1W);
0. 2 . 1 = 9 -+ 11 = 4 + 16

N (123) + N (15) = N (312) + N (42).
35 + 5 = 26 -+ 14

The fact that the multiplication is not commutative formally is of great importance
in the theory of these numbers.
Art. 14. Extending the theorem to the product of three numbers

N (tty...a,), N (bib,...by), N(cica...c,),
we find

!
(MM&WQWNWMMQN@@WMN@%wQ

= N (ty...a0by...bey..e) + N (ty.tgr, t+01, by bycy.ncy)
""" N ((ll...a/si)l...bt_l, bt+01) 02-..(«"1‘) ‘{’" N (C&l...(l/s_l, C[/s‘{‘b], bg...bt_l, bt+cla Cg...cu).

We may, in general, give the right-hand side 3! different forms corresponding to
the 8! permutations of the numbers N (...) on the sinister.

If we take the product of 7 numbers N (...), to form the dexter, we combine the last
integer of a number N (...) with the first integer of the next following number N (...),
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MAJOR P. A. MAcMAHON ON THE COMPOSITIONS OF NUMBERS. 75

0 times in 1  way,
m—1
1 ) 1 ways,

Lo

m—1
m—1 2 <m-—1> »
hence 2”* numbers N (...) present themselves on the dexter.
Not counting reversals of order, the dexter can, in general, be given as many
different forms as there are permutations of the numbers N (...) on the sinister.

Counting reversals, the number of different forms is further multiplied by 27, subject
to a diminution when one or more of the numbers N (...) is self-inverse.

Applications of the Theorem.

Art. 15. The theorems, already arrived at above, ave particular cases of multipli-
cation. Thus the formulse, of which

N (abe) + N (a+D, ¢) + N (a, bre) + N (atbebe) = — o

is a type, are equivalent to results, of which

{
ﬁﬁma) N (0) N (¢) = N (abe) + N (a+b, ) + N (a, b+¢) + N (a+D+¢)

is representative, since N (@) = N (b) = N (¢) = 1.
That the sum of all numbers N (...), of given weight #, is 71! is shown by the formula
n!{N(1)}" = IN(...);

since on the dexter occurs an N (...) corresponding to every composition of n.
Art. 16. Suppose that it is required to find the sum of all numbers N (...), of given
weight, which are such that each associated composition commences with a given

series of numbers
alaz DY a/’n b

or, in other words, suppose we wish to make the summation indicated by
EN (aay...a,,...);

the solution is given at once by

n! > A e

m N (aycty...a,,1) {N (l)}." Fal EN (O Ctye e Gpyen)
for, by the multiplication process, the unit which terminates N (@,a,...a,1), combined
with ) ) n—Sam
T {N (1)},
L2
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76 MAJOR P. A. MAcCMAHON ON THE COMPOSITIONS OF NUMBERS.

gives every composition of the number

n—20.
Hence, since N (1) = 1,

%N (3. 00...) = N (oty0t5...00,1).

(Za }-1)

Art. 17. By varying the order of the factors, on the sinister of the multiplication
formula, a variety of interesting results present themselves; thus

{N(1)}* N (ayat5...0, 1) {N (1) }* 73777 = B3N (...0" ... 0,...) 5

(EOH— 1)!
where after ¢,,, on the dexter, occurs every composition of
' n—3a—p;
and the portion ' /
oty
includes every composition of pa

which terminates with a number not less than «,.
Hence, for such a summation,

i
SIN (... st ) = (20;:_1)1 (..., 1) ;

a formula which is independent of p.
Art. 18. In particular from

(N (1)} N (g ,1)

we obtain

SN (...d/a...0,1) = N (ay...a,1);

(“r( + 1)
wherein the summation is for every composition of
N—Clg— oo —Cby— 1

which terminates with a number not less than «,.
Eg.,forn=6a =1 a,=1,

, ooy Bl
N (41%) 4N (13194 N (219 + N (1°21%) = N (211).
10+ 26 + 35 4 19 =6.5.3
Art. 19. As another example of the power of the theorem, let

EN (ala'g ml [)10 b"‘vz)

(the numbers a,, as...q,,, by, by...0,, being given) denote a summation in regard to

compositions of n—Sa—3Sb
& - eyl
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MAJOR P. A. MACMAHON ON THE COMPOSITIONS OF NUMBERS. 77
placed between «, and b;; we obtain

SN (0. Q. 01Dy D,)

! e
T (Sa+ 1)’!”(3[)_”)1 (aytg...0, 1) {N (1)} 2N (10,,...0,,,), -
n! N (tytty. ..y, 1) N (103Dy...0,,),

(2a+ ! (Eb+1)!

n! ;
- N (ayct. .., 120:05...0,, )+ N (aytts.. .G 20,05...0,,) }.
= Sarspray O (@t 0l L)+ N (st 2Dl b))
By varying the order of the factors, other summations, leading to the same
numerical result, can be effected.
Art. 20. Consider next the multiplication

7!

(s1+2) ! (5+2)! (55+2)!
) AN N () (N (1) N (L) {N (L) =72 N () {N (1)

whereln, Sw+3s = 7,
w,, Wy, wy, wy are numbers not less than unity,

Sy, Sa, 83 are any numbers, zero not excluded.

The result of the multiplication consists of numbers N (...), such that there is |
(i) A composition of w, followed by s, units, succeeded by
(i) A composition of w, followed by s, units, succeeded by
(ii1) A composition of w, followed by s, units, succeeded by
(iv
and the dexter is the sum of all such numbers N (...).
Denoting this sum by

A composition of w, ;

SN (wy 1w, 1wy 1w, ),
we find that its value is
7!

(50 2) (a4 2) (21

since each number N (...) occurring in the product on the sinister has unity for its
value.
Hence, in general, the remarkable theorem,

) !

SN (wll 1wyl 1%...) = <51+2)!(32+2)!(834-2)!.., ;

c;howmg that the sum depends mere]y upon the numbers

8!_, 82, 33, (KR
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and not at all upon the numbers

Wy, Way Wy, ven

Observe that w, and the final number of the composition may or may not be unity,
and that every composition of n may be written in the form

wy 1w, 1P, 1%, .. .

If
8§y =8y =8y=... =0,
2 (7/01’1/0271037/04...) = m N
and, in particular,
“ !
ZN <’lr017/02. . ./U}m) = (2—'>;{__-1‘ )
wherein w,, w;, ... w,_, are non-unitary, but w,, w, may or may not be unitary.

As a simple example take

w=1 s=4 w,=1,
so that

N (19 =3N(1, 14 1) = —— =1,

a verification. :
Art. 21. A more general theorem is yielded by

n!

(Sp+2)1(Sq+2)!(Zr+2)!
x {N(1)}* N (1py...pn, 1) {IN(L)}* N (1. g, 1) {N (1)} N (1ry...m, 1) {N (1)},

= SN (01 P1e PG P WeT'1 o VW),

whereln

}71 "'_pmla
q1 s Qm.p
PLees Ty

are given integers and the summation indicated on the dexter is in respect of the
whole of the compositions of the numbers

wy, Wy, Wy, Wy,
where
0=w—1, w,—2, w;—2 and w,—1.

The value of the sum is thus

7!

(Zp+2)!(S¢+2)!(2r+2)

i N(Ipl...p,,,,JI)N(lgl...gmzl)N(lrl...rmal)?
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which, by the multiplication theorem, may be given the form

!
sprspisrre L NP plig gnlin...

1)
+N (1p1...pn2qs - @, 1%ry...1, 1)
+N (1p1...pn 121 .Qn 27 .1 1)
+N (1p1.. . pu2qs o qu 27 .7 1) ]

Ev1dently, from the above, comprehensive results can be obtained from the
multiplication theorem.

SEcTION 2.

Art. 22. The next problem I propose to solve is that of determining the number of
the permutations of the first n integers, whose descending specifications contain a
given number of integers, or, in other words, whose associated compositions involve a
given number of parts. The solution is implicitly contained in a paper I wrote in the
year 1888.%

Let N,, denote the number of permutations associated with compositions containing
exactly m parts.

In the paper quoted, I had under view a collection of objects of any species—say
p of one sort, ¢ of a second sort, » of a third, and so on—and defined the objects as
to species by these numbers placed in brackets. I thus formed a partition

(pgr...)

of the number n, such partition being the species definition of the bbjects.

As equalities may occur between the numbers p, ¢, », ..., I took, as a more general
definition, the partition o
(pmps™ps™...),
where Smp = n.

In the case under consideration, where the integers (or objects) are all different,

the species definition is the partition
(17).

I proved, in the general case, that the number of ways of distributing the objects,
into m different parcels, is given by the series

F — <'m+pl—1>”‘<m+]92—1>"2<m+p3—1\"3
" P Pe Ps )
< > m+]01 >"‘ [T+ Py—2 <’m+]03"‘2\"“
S ) 8
m+p1 ™A+ py— 3\r2<m+p3 )
+<2>< P ) < ) Ps -

* ¢« Symmetric Functions and the Theory of Distributions,” ¢ Proe. L. M. 8.,” vol. xix., p. 226.
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For the case in hand, p, = 1, =, = n,

T, =m"— ( T) (m—1)"+ <Zl> (m—2)"~ <7§> (m—=3)"+....

LY.

Art. 23. T shall prove that

3 \
N, =m"— D 1y (T 1 2 <”
( )=ty \ o |

\

B m—3)
/

For consider the arrangements enumerated by F,. Place the compartments (or

e

parcels) in order, from left to right, in any one such arrangement, and, in each
compartment, place the integers in descending order of magnitude. The arrangement
is obviously one of those enumerated by

Nm) Nm—l)'Nm~2ﬂ <. OF N]'

In the whole of the arrangements, enumerated by I,,, thus treated, each arrange-
ment enumerated by N,, will occur once only.

1 | 2 3] 4 | |m—1 or m—s.

0 S § s § TN i § A 6 BRS¢ MADIOS § S § LS § SO § MmOMII ) R § SERGER O L L L4 a4, Y Gescem s

Let the illustration denote an arrangement enumerated by N, ... Kach segment
denotes an integer, and the m—2 vertical lines separate the integers into com-
partments. ’

By placing an extra vertical line at one of the unoccupied points of division, we
obtain an arrangement enumerated by If,. This can be done in (n—1)—(m—2)
different ways, showing that the particular arrangement, enumerated by N, 1s
derivable by obliteration of a vertical line from

n—m-+1
different arrangements enumerated by I,,.
Hence, the forms If,, include the forms N,,_, each n—m-+1 times.
Again, let the illustration denote an arrangement enumerated by N,,_,. By placing

s extra vertical lines, at unoccupied points of division, we obtain an arrangement
enumerated by F,,. This can be done in

‘n—1m 48
(S

different wavs; showing that the particular arrangement, enumerated by N,.,, is
derivable, by obliteration of s vertical lines, from
n——m+s\
§ /

different arrangements enumerated by F
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Hence the forms F,, include the forms N,,_, each

n—m+8\ ..
( s ) times.

\

Hence

_ n—m-+1 n—m-+2 n—1
Fm - Nm+ < 1 >Nm—-l+ ( 2 >Nm—2+ .ot <m__1> Nl'

Thence it is easy to show that

/ ¢ 1
- fn—m'l_]- n—m+2 m+1 N -1 I
Nm - Fm._ \ 1 >Fm~1+ < 9 >Fm~—~2— et (_) <m_ 1> K 1

and also

n n+1 n /7’1,-—]-—] .o\ m n+1 n
Nmzm-—-< ! >(m—1} +(" >(m—2)—---+(—) +1\m_1>1'

\ /

The relation %Nm = n! may be verified.

Art. 24. Tt follows at once, from the zig-zag graphs, that

N, =N, 1.
Some of the simplest results are
N N N | N N | N
1 1| |
2 1 1
3 1 £ *
4 1 TR EET! 1 '
5 1 26 66 26 1
6 | 1 BT ] 302 302 BT 1

Art. 25. There is another interesting series for N,,.
Let,
(10+8)n_.1,0

(p+s)

denote the expansion of

when deprived of the term which is linear in p and of the term independent of p

and put ,
P Ps = (1+8)n_1’0 5 .

_p, __m=2(n m=3 (M p (=
Nm'—Pm-l i m 1<1>Pm—2+ — < >Pm—3 "'+( ) < >P1'

- 1\2/. m—1 \m—2

then

I prove a general theorem, of which this is a particular case, later on in the paper.
VOL. CCVIL—A, M
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Art. 26. Considering next p ditferent numbers, defined by the partition
. o (1),
we have, by a previous definition,
EN (a1a2"'CLm) == Nm, 175
where ¢, ¢y, @3,... are each <1 and such that
Sa = p.
:Nill, 17

I have written

instead of N,,, in order to specify the number of objects (or numbers) subjected to
permutation.
Art. 27. 1 shall now prove that

7]
SIN (. ty..) = (ﬁffﬁ (p=m+1)N,, 1,

N (y0t5...01,,...)

where 1n

the number of objects subjected to permutation is #, and the summation is in respect
of all permutations such that the sum of the first m numbers in the descending
specification is equal to p.

For, by Art. 16,

! - ]
gN (ytty. . y...) = @51;—137 N (aty...a,1) ;5
hence
- b ;
%EN (alOLZ' e Oy ) = (ED_ZI‘_T)‘"! %N (Cblag. . .ﬁlzml> H
and, by the multiplication theorem, .
(p+1) N (ayay...c,) N (1) = N (ayets...0,, 1) -+ N (enctze. .t 1) 5

so that
EN (ontty...c,l) = (p+1) N, w—23N (..., + 1) ;

and since '
SN (ayty...t,+1) = N, 13N (004085 ..(t,, 1 1),
“ [

EN (o, ., 1) =3N (.. 0oy 1) = (p+1) Ny =N, 15

whence, by summation,

SN (a0,...0,1) = (p+1) gNm » —gNm, P
a . 1 1

but since

N, = mP— <29J1F1> (m—1)+ <}”42‘1> (m—2)—...

%Nm,]ﬁ = MF - (1;) (m~l)p+ <\]2)> (qn,_Q)ZJ.... e
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so that, substituting,
EN (ta5...0,1) = (p—m+1)N,, v ;

hence

n!
22N (CL]Otz (4P ) = Gﬁ (.?9“m+ 1) Nm,lp-

Art. 28. Further, summing each side with respect to m,

EEEN (a1“2 [ )

moac

(2)+1) {pN] 11+(p ) 2113‘}“ +Np177

(]O-’r 1) {Nl 1p+2N2 v+ --l-])Np,lp} ;

but the sinister is of the form
SN (wiw;) (see Art. 20)

and thus has the value 4n!; hence

Nyw+2Nyp+...+pN, v =5 (p+1)1,

an interesting result.
Art. 29. From a previous result

SN (ag...a,+1) = (p+1) N, p—3N (0y05...0,1) = mN,, »;
hence ' '
EN (Ch(Y/g.. -am‘*‘ 1) }JN (001@2 p 7n+11) - W%Nm 17 >

and it may be observed that the numbers, included in

SN (. ..00,,+ 1),

are the conjugates of those included in
EN (051642 - m+]1)
Art. 80. Also since
SN (ona,...a,+1) = N, p11—2N (a,¢5...0,,,1),

SN (onty. . 0y 1)+ 3N (105 .ty pir1) = N, 15

and this leads to the relation
(P—m+2) Np-—an+2,l7’+7nNm,1p = Nm,lp'*']'
Eg., for p=3,m=2 p—m+2 =3,

. 3N3, 13+2N2,13 = Nz, 14V§
verified by
3.1 + 2.4 = 11,
M 2
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The result is convenient for the calculation of the numbers N, p+1 from the
numbers N, i». \

We have also the remarkable result that the probability of obtaining a permutation,
such that the sum of the first s numbers of the descending specification is p, is
independent of 7, and has the value

(p—m+1)
G Y

o
0, 17 5

whenever p is n—1 or less.
Art. 31, From the definition we have in respect of the permutations of n numbers

N1+N2+N3+ sen T ’ﬂ!
T shall now show that

—0+1) ~0+2
Nn—6+1+<n 1+ )Nn—9+2+<n 2+ >N71—9+3+---

n! A

B CHZCH AL
the summation being for all values of
' Vi, Vg, oo
such that Sy =0,
S5y, = N,

The theorem is the outcome of the multiplication theorem of Art. 12.
Observing that, for all values of s,

N (1) = 1,

we have

gil_i_sl)_j N (1‘“1) N (l«“z) — N (]_-“!‘*‘“z) -+ l‘q (]-s‘,“lZ‘l_.ﬁrl),

c e e ) R ) _ -
(_S] __*{ (;gf__tg}‘)“ N (131) N ('[“‘z) N (1"‘3) = N (lﬁ"“':z‘*‘g:s) “}‘N (131*'9;2 1971% 1)
1+ 92093 +N (1gx—~1213__,+33—1) *_N (13,-—121.?2—22133—1) ;
and generally, for the product '

: {N (L)} {N (1)} AN (1)
since Ssv, = n,
n!

(L2t .(pl)”

We may write down a similar result for every permutation of the factors of
i, AN N )y AN ()1
and, by addition,-obtain

n! 0!
(@ (ph)r wlvl !

where Sp = 6,

= a linear function of numbers N (...).

= linear function of numbers N,
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Further, we obtain a result of this nature for all values of |
Vi, Vg, ooV,
such that Ssv, = 0, v = 0; and, by addition, we obtain.

n! 0!
A () wlwl. !

where Ssy, = n, v = 6.
We have now to determine the linear function of numbers N which appears on the

3, = linear function of numbers N,

dexter.
If one such number be N (abe...),

1t 1s evident that (abe..)

1s some composition of the number n.
Consider the product of @ factors

N (1) N (1%)...N (1%),
where s = n.
The process of multiplication produces N numbers of ¢ different kinds.
In the first place we throw all the units together,

N (lsl+sz+...+se)’

one N number containing = parts.
In the second place we combine a consecutive pair of factors and throw the
remainder of the units together, thus producing #—1 N numbers each containing

n—1 parts, viz.,
N (1s,~~]21.s‘2—1+s3+...+sg),

N (1.\“ +.s'2—12 1s1,—1+.n+ +s'6)

3

N (ls, +s+.. 430_1—12 1se-1>'

In the third place we combine two consecutive pairs (including, of course, a
consecutive three) of factors and throw the remainder of the units together, thus

producing I—1
)

N numbers each containing n—2 parts, viz., the series of which one is
N (1s}—12132——22153—1+s4+m+x9>.
Notice that, if' s, = 1, this becomes

N (181—_]3]_S3~l+s‘+'"+s&),
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We proceed in this manner until finally we combine 6—1 consecutive pairs and
throw the remainder of the units together, thus producing

(621)

N numbers, each containing n—@+1 parts.
Hence the compositions that present themselves are included in those enumerated by

N, Noos ooy Nocgan
We have to consider the product
| N{19)N (1%)... N (1%)
in all of its permutations and for every system of values of

S15 Sgy ey Sp,
such that

SiF St 8 = N,

Hence, from considerations of symmetry, and attending to the modus operandi of
the multiplication theorem, we find that the whole of the compositions enumerated by

Nn: Nn—l> IARE] Nn—0+l

present themselves,
Hence the linear function we seek 1s a linear function of

Nn—0+1’ Nn—0+2) rees Nn—]) N'n,;

and it remains to determine the coefficients.
The number of products, including permutations,

N (1N (1%)... N (1%),

which we have to consider, is equal to the numbers of compositions of 7 into # parts,
viz., it is

n—1\ .
\n—_0)’
each of these produces
{ g—1
\ m
N numbers, each containing n—m parts.
There are thus 1 <¢9——1>
- n—0> /
N numbers, each containing n—m parts.
But there are only 1
m
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different N numbers, each containing n—m parts, because
n—1\
()
is equal to the number of compositions of n into n—m parts.
Hence, each N number, comprised in

Nn—ma

will occur

Hence the required linear function is
n—m—1\ g
2 < n— 9 > N n=m>s

— ) —_ ’ / —1
Nn-—9+1+ (% 6+ 1>:N—7L~-0+2J“ <n 0+ 2> Nn—0+3'+— S <Z-— 1>N7LJ

or

1 2

and the final result is

(]. !)V‘(Z!)"“‘... (p!)v,; ' Vllel cen Vl’l
‘n—0+1 In—0+2\ —~1
:Nn—0+1+<nv 19+ >N71-0+2+(n §+ >N7L—0+3+"‘+ <3_1>Nna
where ' N

Ssv, =n, Sv=_~0.

Parr II.—SEucrIioN 3.

Art. 32. In the preceding pages we have had under view the permutations ot n
different numbers. As I am now taking in hand the general case of numbers which
possess any number of similarities, I find it convenient to slightly alter the point
of view.

Let o, By, ...

denote numbers in descending order of magnitude, and suppose there are

p number equal to e,
q

. s B
o, » y.
so that, placed in descending order, the assemblages may be written
| By
I say that the assemblage is specified by the composition
(pgr...).
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As equalities may occur between the numbers p, ¢, =, ..., I take, for greater

generality, the specifying composition
(pmps™...)-

It will be seen later that the order of occurrence of the parts of this composition is
imimaterial, so that we may consider the parts p,, p,, ... to be in descending order of
magnitude and the specification to be denoted by a partition

(prmps™...).

E.g., we obtain the same results for each of the six assemblages,

aaafBy, acaByy, oaaBBBy,
aafyyy, «BBByy, aBByyy,

the specification of each assemblage being

(321).
Every permutation has a descending specification.
Ey., oBaoy
has the descending specification (231)

In the case considered in Part 1. the assemblage of numbers had the specification
(17)
since there were no similarities, and the numbers N (...) were expressed in terms of
the coefficients obtained by the multinomial expansion
(o oy o+ ... )"
E.g., we found ‘
N (@) = coefficient of symmetric function () in the expansion,

N (ab)+N(a+0b) = » (ab) ”

where, in the first case, ¢ = n, and in the second, «-+0 = n.
In a usual notation let he b h
Ll: 7’2: 35

denote the homogeneous product sums, of the successive orders, of the roots of the
equation

n—2

X — " A g Rt P = 0

we may say that, in Part 1., the auxiliary generating function was
(OL1+OL2+OL3+ ...)n = 1”,

Gy O, 0, ... being the roots of the equation.

Art. 33. In the present case the auxiliary generating function is

3 my ),
o, by Byt

as will appear.
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For it was shown, loc. cit., that the number of ways of distributing the objects,
as specified, into different parcels containing @, b, c... objects respectively is the
coefficient of the symmetric function

(abe...)
in the development of the symmetric function
by by

as a sum of monomial symmetric functions.
Let this coefficient be denoted by

C(abe...),
and let the number of arrangements of the objects, which have a descending
specification
' (abe...),
be denoted by
N (abe...).
Let the whole number of objects be
Sap = n.
Then, when a = n, clearly
N (o) = C(a) = 1,

and when a+b = n, C(ab) is the number of arrangements into two different parcels
containing «, b objects respectively, and by previous reasoning

N (ab) + N (a+b) = C(ab) ;

and, when a+b+c¢ = n, *
N (abe)+N (a+b, )+ N (a, b+c)+N (a+b+c) = C(abe),

and so forth as in the simple case already considered.
Hence

N (ab) = C(ab)—C (a+b),

N (abe) = C(abc)—C (a+b, ¢)—C (a, b+c)+C (a+b+c),
N (abed) = C (abed)—C (a+b, ¢, d)—C(a, b+¢, d)=C(a, b, c+d)
- 4+ C(a+b, c+d)+C (o, b+c+d)+C(a+b+c, d)
— C(a+b+c+d),
&e.,

the numbers N being all expressible in terms of coefficients of the auxiliary generating
function.

Art. 34. E.g. Take objects aanfBBy, where «, B8, v are in descending order of
magnitude.

Since

hahohy, = (6)+38 (51)+5 (42)+8 (41%)+6 (3°)+ 12 (321)
+19 (817)+ 15 (2%)+ 24 (221?) + 38 (21%) + 60 (1°),
VOL. CCVIL—A. N '


http://rsta.royalsocietypublishing.org/

) §

) |

/

L

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

L\

’/\\
)

/

Y
A

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

90 MAJOR P. A. MAcCMAHON ON THE COMPOSITIONS OF NUMBERS.

we calculate, from the above formulse,

N (6) =1,
N (51) = 3—1 =2,
N (8% = 6—1 =5,

N (321) = 12—5—2—1 = 4

and so on. _
The five arrangements, enumerated by N (3%), are

aaBaBy
aaya S
afByan3
aBBooy
BByaaa,

each having the descending specification (3%).
The four arrangements, enumerated by N (321), are

aofBoyf3
ooy BBu
ofByofle
afBoye,
each having the descending specification (321).
The complete results qud numbers specified by (321) are

N (313), N (133)’ N (214) N (142) (2112) h
N (1213)’ N (1321) N (122] ) 16 } each 0

)
N (6), N (412), N (1%4), N (1317, 31) |
N (221%), N (122?), N (2121), 1212)} "
N (51), N (15), N (312), N (213) ,, 2
N (141), N (1221) ,, 3
N (42), N (24), N (321), N (128) ,, 4
N (8%), N (231), N (132) .. 5
N(@2) ., 6

60 being, of course, the total number of permutations of the objects.

9

16
15

60
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Art. 35. The method of calculation establishes that the number N (...) is unaltered
by reversal of the order of the numbers in the bracket. ‘

Also that the results are only dependent upon the magnitudes of the parts in the
specification of the assemblage and not upon the order of their occurrence.

General Investigation of a Generating Function.
Art. 86. I have shown above that, for numbers specified by

(pump.o),
T s
hymhy™....

an auxiliary generating function is

for, from its expansion in terms of monomial symmetric functions, the numbers

N (abe...)

can be successively calculated.

For present convenience I take the above generating function to be
hhigh,. ..
and recall that N ()50 V4N (4B, ¢, )+ N (a4, bte, )+ ..

is equal to the coefficient of symmetric function

(abe...)

in the expansion of g

The above linear function of the numbers
is formed by adding adjacent numbers
0,1,2,38, ..., kat a time,

where the numbers a, b, ¢, ... are &k in number.
It thus comprises 2*~* terms in general.
Art. 87. Let this linear function be denoted by

0 L(@) () (0)... 1,
so that if we write hohoh... = ZC(abe...). (abe...),
Ox {(2)(D)(c)...} = C(abe...).
From this system of linear relations is determined the set
N (o) =C (@), where a = n,
N (ab) = C(ab) —C (a+0b), where a+b = n,

N (abe) = C (abe)—C (a+b, ¢)—C(a, b+c)+C (a+b+c), where a+b+c = n, and so on;
N 2


http://rsta.royalsocietypublishing.org/

VA\

fa \
=
L Q\;

e

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

\

3

a

///

AL

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

92 MAJOR P. A. MACMAHON ON THE COMPOSITIONS OF NUMBERS.

the law of formation of the linear functions of the numbers

being similar to that which occurs in

0 (@) D))},
with the exception that the signs are alternately positive and negative, depending
upon the numbers of integers in the brackets.

Art. 38. Denote this linear function of the numbers C(...) by

e {(@) (D) (e)...
N (abe...) = o {(a)(b)(c)...}-

When it is necessary to put in evidence the numbers whose permutations are

so that

under examination we may write the two formulee

Ox {(a)(b)( )eeFeory = Clabe.. Yoy s
(OLZ)C )(pqr )= 960 ( )(b)(c) }(PZ"‘ ).

SECTION 4.

Digression on the Forms Oy, ¢¢.

Art. 39. Define in general, so that
Ox{(.. . ts10) (b1Dsy. .. 0y1by) (€10 Cyr,) (il .. d) . (kg k) ]
where there are k symbols a, b, ¢, d, ..., k, denotes the 27" terms forming the series
N (ay...k,)
+ N (..., a4y, by k)
+ N (t...04-q, bty Co.. k)
+ ...
+ N (.. 002y, Qg+ by,y by by, bitcr, conl k)
Fos
where additions take place,
0,1,2, ..., k=1 at a time between the pairs a,, b,; b;, ¢, ¢, di; ...
Art. 40. Similarly define
o {(n. . gm1ts) (01D . by 1by) (CrCo. . cyrcy) (s o ) (Reiks. ) }
to denote the 2*7! terms forming the series
Clay...k,)
—C (.. tyey, ag+by, by k)
—C(ay...01, byte, 02...102)

+C(aren oy, tg+by, by byoy, b+, G5 k,)
+...,
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formed according to the same law, but the successive blocks of terms having
alternately positive and negative signs.
Art. 41. T proceed to generalise the two results

Oy {(5) (B) (0)...} = oo abe...),
bylabe.) = gol(@)(b)(c)...)
O { (001102 (.10}
= N (t..b)+ N (4 lyy, by, bye.by) 3
N (abe...) = Oy (abe...) = do{(@) (B) (0)...),
= () (a5). . ()} o (). (0ms) (- Br) (B (00

Now the sum of these two terms is precisely

de{(m) (a).. (1) (ash1) (bs)...(by)},

because the terms involving

By definition

and since

this

s+ by

n ¢C{(001) (az)(bt)}

are the same, with opposite sign, as those involved in

do {(n)... (1) (s + 1) (Ds)...(bs) },

and therefore cancel them.
Hence the result

Ox (... Ogrts) (01D 1))} = o { () (). (@gmr) (@sh1) (Ds)... (D)
Art. 42. Again »
Ox{(cta...ct,) (br...be) (cr...c0) }
= N (a,...¢,) + N (... a0,—1, ag+by, by...c,.)
+N(on...01, bytci, Cs...0,)
+ N (.o Oy, Wytby, by bpmy, bytcy, con.0y),
= Oy(ay...c,)+ 0y (.. sy, 5+Dy, b ceeCy) }
+0g (.. Doy, byt Coenn0)+0x (v Oy, @+ by, by by, by, Cannncy),
= dol(@m)...(c)} + bo{(n)...(-1) (@ +by) (ba)...(cu) }
+ o {(@)...(bs=1) (bs+c1) (). ()} + P {()...(a+01)...(bs+cr)...(cn)}s
o)) (@) (b))}
' + o {(t). . (Ws-1) (@0:D1) (b3)...(bs+¢) (¢5)...(cn)},
= po{(m)...(a-1) (aby) (bs)...(bs=1) (bics) (c2)...(cu) }

by successive use of the formula Art. 41 above.
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Also, clearly, if ¢t =1
Ox{(ctr...at,) (b1) (cr-..c0)}

= o {(th)... (1) (aDi¢1) (¢2)...(c,)}.

Art. 43. Therefore, by induction, we can express any form

Ot 7
as a form
el -

The law is well seen by a particular case, viz.,

Ox{(a) (b) () (d)} = b (abed),

Ox {(ab) (c) ()} = $o{(a) (bed)},

O {(a) (be) (d)} = o {(ab) (cd)},

Ox{(2) (0) (ed)} = do{(abe) (d)},

O {(e) (bed)} = o {(ab) (c) (

O {(ad) (cd)} = do{(a) (be) (d)

Ox{(abe) (d)} = ¢o{(@) (b) (cd)

Ox{(abed)} = do{(a) (D) (o) (d)}.
We have, in respect of the four letters, 8 = 2° relations; the letters always occur
in the order a b o d

)},
b
b

¢

and to obtain the form ¢¢{ }, which is equated to a form 6y{ }, we may make use
of the zig-zag conjugate law ; e.g., connect with

(ab) (cd)
the composition 22 ; take the zig-zag conjugate of this, viz., 121, and then write |
Ox {(ab) (cd)} = ¢po{(a) (be) (d)},
and 0 i ovry caso Ox{(a) (be) (fi)} = po{(ab) (cd)} ;

Art. 44. In the general case of p letters we obtain 277" relations corresponding to
the 277 compositions of p; the relations are obtainable from zig-zag conjugation of
such compositions and, in any relation

O{ t=¢ol
we may interchange the form-symbols
HNJ ?50-

Art. 45. In the above investigation we obtained incidentally certain linear relations
between the forms 0
. N>

and
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and also between the forms é
C»

- which must now be set forth in a regular manner.
The former relations are of the type

Ox {(cn...a5) (br...b;) (er...c.)...
= Og(ay...ab.. [)tc1 Cyerr)
+Ox (.. Oy, A+Dy, byl by ocy.)
+Ox (... a0y byy, by, Chenicy.ll)
+... '
+Og (..., @, +bl, by...bymy, Ditcr, Connicyen)
+..0;
this follows directly from the definition of the form 6y { }, since
Oy (abe...) = N (abe...).
Art. 46. The latter relations are of the type
do{(a...a5)(by...b)(crn..00)..
= do(a . aby...b...cp...)
—po(th.. ey, A+by, by byere.icy. )
—do(tee by by, byt r, CoeniCynl)
+bo(tye e ey, W+ by, by byy, by, oy )
+.0;
which also follows directly from the definition of the form ¢¢{ }, since
do(abe...) = C(abe...).

Art. 47.  We have other linear relations of the type

Ox {(ty...a0)(by...05) (1. .C.) }
= Ox{(a...0)(c,...c.)}
+Ox {(ty.. Oy, Dy, Dy D) (cr.nc))} s
be{(a...a)(by...b)(cr...c,)}
= do{(n...b)(cr...c,)}
—do{ (@ Uy, A+ by, by by)(crnnnel)

In fact, the law may be taken to operate as between any sets of consecutive

factors 1n éx{ } and ¢{ } respectively,

leaving the remaining factors untouched.
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Thus it is easy to verify the three relations

O {(ab) (cd) (ef ) (gh)
= Oy {(abed)(ef)(gh)}
+0N{<a be, d)(ef) (b},

= Ox{(ab)(cd)(¢fgh)}

o +9N{<a )ed) e f+g. 1)

:é : = Ox{(abed)(efgh)}

NS +0x{(abed) (e, f+g, 1)}
olm

= +0x{(a, b+c, d)(efgh)}

1 ®) Ox{(, b+c, d)(e, ) ;
[593 and the further three +oulla bre, d)le f+g M}

be{(ab)(cd)(ef ) (gh)}

32 = o (abed)(ef) (gh))

£t ~go{(@, bre, d)(ef)(gh)},

22 = o () (cd) (efyh)}

=3 —¢o< )(ed) (e, f+g. )},
= o {(abed) (efgh)}

—¢>c{(% be, d)(efyh)y
—¢o{(abed)(e, f+9, 1)}
+¢o{(a, b+e, d)(e, f+g, h)}.
Art. 48. From these relations we may obtain new relations by transforming from

Oy to ¢, or vice versd.
Thus from relations of type

Ox{(a)(D)(c)} = Ox(abe)+Ox(a+D, ¢)+0g(a, b+c)+Ox(a+b+e),

:]:ﬂ we obtain those of type

§ > be(abe) = g {{@)(D)(c)} + e {(a+D)(c)} + e {(a)(b+)} +pe(a+b+e);
o d f those of t

Qf( E and 1rom ype

TS Po{(@)(B)(0)} = do(abe)=go(a+b, )=, b+c)+do(a+b-+e),

=~ 93 we obtain others of type

Ox(abe) = Ox{(a)(b)(c)} —Ox {(a+D)(c)} —Ox {(a)(b+c)} +bx(a+ Z)+c).
These new expressions for
Ox(abe...) and ¢(abe...),

with an obviously analogous law to that we have frequently met with, are of great
importance.

PHILOSOPHICAL
TRANSACTIONS
OF
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From the relation

el (@) (0)(e)(d)} = do{(ab)(ed)} —bo{(a+D)(cd)} —do{(ab)(c+d)} + el (a+b)(c+d)},

we obtain
Ox (abed) = Oy {(a)(be)(d)} —Ox{(a+b, c)(d)} —Ox {(a)(b, c+d)} +O0x{(a+b, c+d)};

and there is no necessity to give further examples.

SECTION 5.

Art. 49. The differential operator of order s, that 1s so frequently of use in the theory
of symmetric functions, viz. :—

—S——Y (aa] + Ctlaa,“"' a2a“s+ . .)S = Ds s

can now be employed.
Remembering that operating upon monomial symmetric functions,

D,(a) =1,
D, (b) = 0 unless b = a,
D,D,D,...(abc...) = 1;

and generally that D, obliterates a number a from the partition of a function and
causes it to vanish if no such number presents itself, it is clear that

D,D,D,.. k... = C(abe...) pp.y;

and thence if we write
¢éo{(a)(0)(¢)...} = D,D,C,...—=D,y,D,...—D,Dyy... —

according to a law derwable from that which defines

do{(@) (D) (¢)...} (see Art. 38),
N (abe...) gr.y = P {(@) (D) (¢)...} hplegh,....
Art. 50. Observe that in the paper to which reference has been made it was shown
that y
Cabe..)pyr.. = C(pgr...) we----
Two consequences flow from this fact.

Firstly
’ Ox{(@) (D) (¢)-+-}pgr.y = Ox {(»)(9) (7")~ o Yoy s

which is a theorem of reciprocity for the numbers

N(...).

VOL. CCVIL —A, 0O

we find
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Secondly, since
D.D,D....hhAk,... = D,D,D,...AIk,...,

N (abe...)pgr.y = DyDDi... (Rlisho. .. —=hoishioe .. =iy — .0 5
where, on the dexter, the operand is a function formed from the functions %, A, hs, ...
bo (@) (4) (9.}
Dy, Dy, Dy, ....
N (abe...) pgr.y = D,DD....du{(a) (D) (¢)...},
u{(a) (D) (¢)...} = hlilg...=hgiihio... —hilysoe..— ...

Art. 51. T now write b {(a) (D) (¢)...} = hae-.. ;
so that |

in the same manner as

1s formed from the operators
Hence

where

N (O&bc. . ')(P'Ifm) = D;DDQD,.. . °habc‘ ve s
and it appears that

Poapee -
is the true generating function of the numbers
N (abe...)
for the permutations of assemblages of numbers of all specifications.

In fact,
. Pape... = SN (abe...) pgr.y - (PGT..2) 5
and the expansion of
habc‘ .

as a linear function of monomial symmetric functions gives a complete account of

numbers N (abe...) :

Art. 52. Before proceeding to a rapid examination of this new and most important

symmetric function ]
babe+++»

never before T believe introduced into algebraic analysis, I give complete tables of the
numbers N (...) as far ag n = 6.

‘ (2) ’ (12) = specification.



http://rsta.royalsocietypublishing.org/

I\

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A
A

Y
A

)

a
,

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

MAJOR P. A. MacMAHON ON THE COMPOSITIONS OF NUMBERS. 99
n =3
(3) (21) (13) = specification.
N (3) 1 1 1
N (21) 1 2
N (13) 1

= specification.

= specification.

n =4
(4) (31) (29 i @r) (1%
N (4) 1 1 1 ‘ 1
N (31) 1 1| e
N (22) 1 2 | s
N (121) ‘ 1| e
N (21%) o
N (19 }
n=2>5
6) | (1) | (32) | 61 | @1) | @ | 1)
N (5) 1 ‘ 1 1 1 1 1 1
N (41) ‘ 1 1 2 2 3 4
N (32) 1 ’ 2 | 3 | 4 | 6 9
N (131) | 1 2 3 6 | 11
N (221) ‘ | 1 2 | 4 | 8 | 16
N (312) | 1 1 3 6
N(212)‘ | IR 5 | 11
N (1212) ‘ 1 | 3 9
N (217) | | 1 4
N (19) J 1
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n==~0
©) | 61 | (19| () | @) | E2)| @) |61 @19 @) 19 =P
N (6) 1 1 1 1 1 1 1 1 1 1 1
N (51) 1 1 1 2 2 | 2 3 3 4 5
N (42) 1 2 2 3 4 5 6 71 10 | 14
N (3?) 1 2 3 3 5 6 7 9 | 13 | 19
N (141) 1 1 2 | 3 4 6 70 12 | 19
N (231) 1 2 2 5 7 9 13 23 40
N (312) 1 2 3 5 7 | 14 | 26
N (321) 1 1 2 4 6 8 | 11 | 20 | 35
N (29) 1 2 2 6 | 10 | 11 | 18 | 33 | 6l
N (412) 1 1 1 3 3 6 | 10
N (319) 1 1| 4| 10
N (1221) 1 3 6 6 | 13 | 28 | 6l
N (221?) 1 27| 3 6 15 | 35
N (131%) 1 2 3 b 12 26
N (2121) 1 3 3 7 17 40
N (2122) 1 2 7 1 19
N(12212) 1 2 6 | 19
N (121%) 1 4| 14
N (214 | 1 5
N (19) 11 ‘ 1

To explain—it will be found that

b = hyfn®—=2h,Ju +hs,
= (82)+2(31%)+3(2°1) +6/(21%) + 11 (17),

corresponding to row 4 of the table for n = 5.
Art. 53. Another symmetric function

a]’x DoPs v

is formed from the elements
oy, Oy, gy ven

in the same manner as the symmetric function

h

f h 1 t P P2P3 eve
rom the elements :
hl: hz: /)'3:
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SECTION 6.
The Symmetric Functions by, 5 Oppop

Art. 54. These two new functions are of fundamental importance, not only in this
investigation, but in the theory of symmetric functions generally.
In regard to the algebraic equation

2= M g i — ... =0,

hy, hs, hy, ... are the homogeneous product sums of the roots and the two sets of

elements
“1; a2; (363, ey

hy, hs, hs, ...

have reciprocal properties which it is useful to briefly glance at.
We have Iy = ay = (1),
hy = a—ay = (2)+(1%),
hg = 0&13——2001a2+003 = (3) + (21) + (].3>,

(3h)!
Tl )

and, in general,

alak. . ak.

h, =5 (_)n+2k

The two series of elements are connected in such wise that, in any relation between
the elements, the symbols a, & may be interchanged. Thus, from
CE12—— 3(‘2 = ""2]1'12‘!" 3][/2

is derived h2—8hy = —2a,>+ 3a.

As a particular case it is found that @, is the same function of the elements
hy, hy, hy, ... that h, 1s of the elements a,, a,, d,, .
If functions of the elements %, ks, A3, ... be denoted by

JS(R), b(h),

we see that, if f(h) = ¢(a),

so that | b (h) = f(a),

then S)p(h) = f(a)p(a);
showing that J () (h)

is an absolute invariant gud the transformation which veplaces the elements

h’la h2a h37 e

by the elements
061, 062, 0&3, cee e


http://rsta.royalsocietypublishing.org/

|
P

A

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

)
A

a
\

/
S

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

102 MAJOR P. A. MACMAHON ON THE COMPOSITIONS OF NUMBERS.

Art. 55. With these necessary preliminary remarks I define a new function of

welght ’)’I/, V1Z. (— 7
ljp PaP3 e
1203

where p, p; p;... 1s any compositibn of the number = ; of the given weight there are
2n—1

such functions, one of which is clearly
‘ Ny,

The complete definition is given by the multiplication law

h

PrPyPs hQ]Q2 et

= Doy vt oy, pit 1, 1o
where the functions ] ]
LPlem?’:’ bﬂx%---q:

are, or are not, of the same weight.

Art. 56. A second new function
P1P2Ps e

is similarly defined by the same law ; viz.,

Up, g0 V0105 o e

= Oy payeat Uy oy, pitar, gy e

What follows applies generally to both of the new functions.
Art. 57. Since the multiplication is commutative, we have the first important
property, viz., L

Py P2 Psh 9z 0e- Gt + hl’] Py Pty Qo Qe

=h

’ql‘--qm;..-ps+hqx---f.n-;, QetPys Pyone De”

Art. 58. Every product of elementary functions is expressible in terms of the new

functions, e.g., hohy = hoythry,

hohohy = hpget-Pyp g ot Ty gir iy gir s

and in general by o = 0,1 (12) (22) (23)--. ()

where, in ,{ }, the sum of the coefficients is
271
=h

YZRNy 2y I

These relations show that ]

poV Ry

Art. 59. Similarly g,

h

sar = Nplghe—Topy Jou=Thy ot Ty g s

kxz---~=¢{p1 ( s s}'
If) moreover, we deﬁne PrP2e P h ( ) p2) (p)
0, {(plpz ps) (qlqz.. Qt) (7'17'2,_'7'“)}

and in general
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as denoting | A +h
Dy vee Doy o QU o T DroeePs 1y Pib s Qoo Qo Tu

+hpl...p.ql...qf_,, Gt+Ty, Tooe ru+hp1...p._1, Dty QgoeeQioyy QT Tao Tu)d
and

. i {(Pre- Ps125) (0G5 Qe10) (7175 70) }
as denoting

h]’x ---Pch’lll e 91]?’7'1"» "u_hpl v Die1y Pty Gaeee G’lhrl e Tu
—hm -~1hhqx.--4z-1, qit+ry, 7‘2~~7'u+h171 wePioyy Pt @y Qoo Qiay, QT Ty T

according to the law usual in this subject ; we find

0, {(Pre - Po1s) (9192++-Q1-190) (1172..7) }
=N h

Py D 2 g, ...q:.lqzhr,rz.,.ru )

and o {(Pre- - Pomip) (01Ge- - Qimaqe) (1472 7) }
= ¢ {(Pre- Pomr PG @) (1170) }
= ¢ {(pr--ps) (g1 g 7))}
= o {(pre- P g 1)}
=h

PLove ey eer QY e Pu®

The reader may verify that
¢ () (@) (1)) dd(pg) (1)1s ¢nd{(p) (@r))s a{(pgr)s

have each the same value N S 3 S S

h

?7+q
which we have denoted by

par:

Art. 60. I pass on to drag into the light some important relations connecting

h

Dy oo s and a.

Py s

When the relation
n+4 3k EL .
i = 2(=)" k(i)]cT ol
was under observation just now, it will not have escaped notice that this is precisely

the expansion of u
1n

for 2
Uy = Q" — 0y,
Uy = =205+ a0y 5 &e.,
and by the law of formation we see that
O = h,,

and thence a, = }h
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The known value of %, is thus given by a law identical with the multiplication law
of this paper, and the expression of %, in terms of

Uy, gy gy ...
is completely given by ho=a
n — Wine
This new statement, of a well-known law, immediately suggests the generalization
to which I proceed.
Observe that n and 1"

are zig-zag conjugate compositions.

From the relation _
Apg = Apllg—Upq
1s now deduced

Oy = hyphya—Nip+a ;

e

and, since
’ hlphl'] = hlﬂ-m + hlp“lzl'l—l 5

Qpq

pq and 177121771

= fyp-1yr-1;

and we again observe that

are zig-zag conjugate compositions.
(1712177 = (p9)’

Upg) = k‘(m)' ;

Hence writing

and, in general, I have established (but reserve the proof for another occasion) that -

a(Pxsz) = h(?’l[’zm)/’

where (prpse-)s (papsee-)

are zig-zag conjugate compositions.
. Art. 61. The theorem has an interest of its own, but it is also of vital importance
in this investigation. This importance consists partly in the circumstance that the

functions ;
lpqr .

are those which naturally arise in the present theory of permutations. The present

theorem enables the immediate expression of them in terms of the elementary

symmetric functions '
o Gy, Uy Cgyeen

and thus they may be more easily dealt with by symmetric functions differential
operators. In fact, the homogeneous product sums

hy, hy, b, ...

can be made to disappear from the investigation ; but, as will be seen, it is sometimes
advantageous to retain them wholly or in part,
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Art. 62. To gain familiarity with the new functions I give without proof some of
their elementary properties.

S, = O — Qg n—2-4 Ugn—=3— ... (__)n+1a,n
= (_)nﬂ {hl"_hm”“z"rkm"“?f— e (—)”"'lhn},

where s, is the sum of the n™ power of the roots.
The following expression for a,»-s

s+1
Obsln—s = as_llln_s+1—(}bs_2}b”_s+2+ see (_)q-}- hn.
The result of operations with D, viz.,
Dp()bsln—-s = as—lhn~s—7)4-1-

If s,,, denote the sum of the symmetric functions whose partitions contain exactly
¢t parts, we have the companion tables, in which the law is obvious.

‘ Sn,1e S, 2- S, 8- 3,1,4. j S5 I Sn.6+

ar 1 1 +1 +1 +1 1 +1 ‘ + 1
g2 ] 1 +2 +3 i +4 ' + 5
asrt | 1 +3 [ +6 | +10
s ' " ‘ +10
a5 ‘ ' 1 | + 5
gy -5 ’ 1
ar". @y, U313, @y, @51 B,

Sn1 1 -1 +1 | -1 | 1 } -1
Sn,2 1 -2 | +3 -4 ' + b
Sn, 1 | -3 | +6 | -10
Sn4 i 1 -4 +10
Sn.5 ‘ 1 -5
Sn,6 ‘ 1

The fundamental properties of these new symmetric functions were communicated
by me to Section A of the British Association for the Advancement of Science, at the
York meeting, 1906, August 1-8.

Art. 63. The generating function of N (abe...) is either

habc;.. or a(abc...)’ .
VOL. CCVIL—A. P
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We can now determine the highest symmetric function, in dictionary order of the
parts, which occurs in the development of %,. . This, by the known theory of
symmetric functions, is obtained from the form

Aape...y
by expressing (abe...) as a partition and taking the Ferrers conjugate (abe...)”
then we see that no symmetric function, prior in dictionary order to
(abe...Y’,
can appear,
Also the highest integer in (abe...Y

is the ]ower limit of the number of parts, occurring in the partition of a symmetric
function, arising from the development of

Pogpse s+ .

E.q., since '
g Ing = G2,

we arrange 21°2 as a partition, obtaining 2°1%, and taking the Ferrers conjugate from
the graph .
[

we reach (42) as the highest symmetric function in dictionary order that occurs in
the development of /,y;. :

Hef‘ce N (141), = N (141),, = 0.
(See the table of weight 6.)

Numerous relations such as
T+ hsy = hgat-Togs

can be verified by the same table.
Axt, 64. Before proceeding to establish the multiplication theorem, the generali-
zation of that in Part I, it is necessary to examine the mode of operation of the

differential operator D
upon a product L "lﬂ -
21 2
or 00,
It is clear that - Dy = by

In the paper it was shown that
D, = 2 (Dyh,) (Dyhy),

where @/a’ denotes a composition of @ into two parts, zero not excluded, and the
summation is for every such composition.
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Hence Dahphq = zhp—a'hq-—a”'

Ey., Dihihs = hyt byt s+ by = 2t 2hohs,

where the compositions of 4 have been taken in the order

40, 31, 13, 22.
In general v ,
o Doyl = Shy i T o,
Where O&/@/r a(s)

is a composition of ¢ into s or fewer parts.
It is to be noted that in forming the compositions zeros are parts, so that, for

1nstance, 400, 040, 004
count as different compesitions.
If the operand be
Oy Gl O,

since :
D,(a,) = 0 unless a = 1,

we need only attend to the compositions composed of units and zeros.
Thus

Daovyatsogt; = att,0400, 4 oty + Qahste® + ct2asth, + a2 + cos .

It is easy to show that

. Db, = Iy 5+ P pe1+ P
from which

N(ab)yy.. = N (a—1, b}, +N(a, b—1),,, +N (a4+b—1)ppr. s
and, particularly,
N (42)2212 = N (32)221 +N (41)2',31 +N (5)221

7 = 4 + 2 + 1
from the table.

Similar formulee can be established at pleasure.

The Conjugate Law.

Art. 65. It has been seen (Art. 6) that, when the numbers permuted are specified by
1,
N(pg...) = N(pq...),
(pg--), (pg--)

where

denote conjugate compositions.
We write the theorem
N(pg--Jay = N(Pg-- )y
and we may inquire into the existence of an analogous theorem when the numbers

permuted have any other specification.
P2
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108 MAJOR P. A. MACMAHON ON THE COMPOSITIONS OF NUMBERS.

Consider the expression 5 L
(pg..) ™ "Upa..y s

which is the generating function for the difference between

N (pq...) and N (pq...),

for all specifications of the numbers permuted.
The generating function may be written

h

pg... @

DG 3
according to the theorem proved above.
The differential operation D
1

has the equivalent forms CRRI A

O+ Oy +haOp+ o,

hence

Dy#hy,..
18 the same function of b Tl

15 12, l3a

that -

I)luawqm
1s of

Oy, Chy, Clgy oee s

It follows at once that Dy (hyy.—0py.) = 0,

equivalent to the known result

N(pq...) 5= N(pg...)
already found. * v

Art. 66. Now, considering the generating functions

Tpg.y+ Pipg..y

or
h(pq...) + Xpg..)s

Dy {hpq.-- + yg... I
must be of the form Ahg+ Bh+ Ady+ Basy?,
o (A+2B){(2)+2(1%)}.

Hence D1n_2D2 (hpq... + wpq...)
= 4§D, (hpq--- + Clpy...)

= D",

)
equivalent to

N (pg--Jers+ N (pg... Y as = N (pg-. Jar-
Thus, from the table n = 6,
N (83)a+ N (121%) g = N (33)
13 + 6 = 19.
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Art. 67. Again, operating with Do
1 >
UPOH hpq... - apq... 5
we obtain a result of the form

A (hg—az)+ B (hohy — a1y
. (A+B){(3)+(21)} ;
henee DY Dy (g ~ty.) = D™D, (. =),
equivalent to
N (pq.. Jeus =N (pg...) @y = N (pg.. )= N (pg-.. ) s
and, particularly, from the table
N (321)@9—N (2'1%)my = N (321)ary— N (2°1%) g
8 — 3 = 20 — 15.
No new result is obtained by taking

hpq... + apq...
as the operand.

Art. 68. Further, Dy (hpg..— py...)
has the form

reducing to

A (hy— ) + B (hahy — s, ) + C(h? — ®) + D (hoh® — anery®),
(A+B+C+D)(4)+(A+2B+2C+2D){(31)+(2°) +(21%);},
equivalent to the new result

N(pg..Jera—N(pg...Y @y = N(pq-.. Jars =N (pg-..Y orn ;
and, particularly, from the table
N (2%) gy = N (12°1) gy = N (2%)(a1— N (1271 )9

18 - 13 = 11 - 6.

Art. 69. If we take here the operand to be

. . . hpq”.+a’pq...s
a new result is obtained, viz.,

2N (pq ves )(41"—4) +2N (pq. . .)/(41n—~t)+ N (pq. o )(2171—2) +N (pq. . )’(21,.-2)
= 2N (pq ces )(3]».-3) + 2N (29(1 cee )l(gln—:s) + N (pq ees )gzln~4+ N (pq. . ),(221r.-4) .
The above is sufficient to indicate the nature of the results which present them-

selves; I have not attempted to generalise them. The question appears to be a
difficult one.
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SECTION 7.
Generalisation of the Multiplication Theorem.
Art. 70. T will establish the result |
S5 AN (s ) ipgry N (0102052 Dipgny N (G10C30 0 Npgraye o+
= Oy (st ) (D1Dshs. .. ) (¢1CoC5. ) o Y gy

where the summation is for all solutions of the diophantine equations

p1+g1+7'1+... = 2(1/,
Pat@atrs+ ... = 3D,
PstQatrzt... = EC,

Pit+pPet+pst...=p,
Q]+92+(13+... - q,
/}"1+7"2+7"3+... =7,

For consider By { (ay05) (D)}
= ¢ {(a)(a) (ba)}, -
= C(a1D105)pgr..y— C (1 + sy 0103)pgr.y— C (01, b1+ 02) e 3+ Cla+ s, by + b2)pgr..
= (D, D, Dy D, =Dy w0, Do, Dy, =D Dy Dy, + Da,-i-aszl-%bz) hphohy...
= (D,Dg—Dsa) (D3, Do, =Dy i) Bhis. ..
= D,.Dislihie... = D,DD, By,

Now D,D,D,...h, .,

=333...(D,D,D,...00..) (D, D,D,...0,),
the summation being for all solutions of the diophantine equations
Pttt = o+ a,
PotQetrat ... = b+,

Prtp: = p,
g1+qs = q,
7"1 +/r2 = 7‘5
Moreover, D,D,D, ... =N (001“2):0, @
HGDCG HN {(C&ldg) (b1b2)}(pqr...)

=3N (alaZ)plwl... N(blbz)pzq.zrz... 5

and, by like reasoning, the theorem as enunciated follows.
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As examples, N (321 )@u + N (33) 22y = 3N (32) 2y,

derived from Ox {(32) (1)} oy 5
and N (24)aasy + N (23 1)z + N (218) gy + N (222 ) g,
+ N (2211 ) gy + N (2121 gy + N (2112) sy + N (21111 )
- = 6N (21)qy+ 18N (21) @y,
derived from | Ox {(21)(1)*} 2e)

Art. 71. The enumeration of the permutations, whose speciﬁc&‘mtions contain a given
largest integer, will now be investigated.

Let I J K
denote respectively

SN (abe...)
in which
(1.) the highest of the integers a, b, ¢, ... is m or less;
(i) » 35 ’ » or greater ;
(iil.) . » ’ . exactly ;
so that, when a+b+c+... = n,

Im = K1+K2+"'+Km>
Jm = Km+Km+1+ s +Km9
Im = J1 = Im+Jm_Km’
I7n""Im-—l = Jm_Jm+l = Km,
Ox(n)=N(n)=J,=K,=L-1,-,;

and, since

Oy {(n—1) (1)} = N (n—1, 1)+N (n),
| Ox{(1) (n—=1)} = N (1, n—1)+N (n),
we find :
205 {(n—1) (1)}

= K7t;1+2K7z = Jn——1+Jn = _In‘-l_In—-2+ .ZIn;
also .
O [(n—2) (17} = N (n—2, 1))+ N (n—1, 1)+ N (n—2, 2)+N (n),

Ox{(1) (n—2) (1)} = N (1, n—2, 1)+ N (n—1, 1)+N (1, n—1)+N (n),
Ox {(17 (n—2)} = N (1%, n—2)+N (1, n—1)+N (20—2)+N (n),
and by addition g9 v _oy(1) = K,_,4+2K,_,+3K,,
' ' = Jpstdua+ 0,
=—I,,—1,,—1,.,+3L,
the law apparent here obtains so long as a number n—v appearing in

N( ):
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on the right-hand side, is not equal to any other number in the same bracket ; so
y 1

that, when s<<4n, _ (s+1) Oy {(n—s) (1)")

= Kn—s+2Kn—s+1+3Kn—s+2+ s +(S+ l-) Kn’

= Jn—s+Jn—s+1+J'rL-s+2+ e +Jna

= —In_s._l"“]:n_s—]:n_s.i.l_ v +(S+ ].) In.
Hence

J, = (n-—-m+ 1) 09N{(m) (1)"'"1}—(72—771) HN{(m+ 1) (]‘)n'—m—l},
K, = (n—m+1) Oy {(m) (1™} -2 (n—m)‘ﬁN{(m+ 1) (1)1}
1) B {(m+2) (17,

and, the specification of the numbers permuted being

, (pgr.-.), .
L= W —(n—m) Oy {(m+1) (1)} +(n—m—1) Oy {(m+2) (1)* ™.
Now By {(a) (0) (¢) ..} = C(abe...) = DDDye ...
thence 3

= {(n—m+1)D,D," " —(n—m) D,,.. D"} hhh,. ..,

= D,D,D,... {(n—m+1) h,u)" " —(n—1m) hpsrhy" "} ;
or, m not being less than the greatest integer in % (n+1),

(n—m+1) b J" ™" —(n—m) hyy i "7
1s the generating function of the number J,.
Similarly K,
= D,D,D,...{(n—m-+1) )" " =2 (n=m) Ryt "+ (n—m = 1) By b2}
and, m not being less than the greatest integer in % (n-+1),
(n—m=+1) bl " =2 (n—=m) hpsrh" ™" (n—1m—1) by by ™2

is the generating function of the number K,,.
Similarly, but subject now to the condition that m must not be less than the
greatest integer in 4 (n—1),

(n=m—1) hypshy" "= (n—m) D"

is the function which generates the number
_nal
" plgiel
Subject to the conditions mentioned, we have a complete solution of the problem,
but when m has other values, the solution is less simple and I see no way of

effecting it.
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SECTION 8.

Art. 72. T recall that the number of ways of distributing numbers (or objects)
specified by (prpspa...),

into m different parcels, is given by the series

ne ]91 \ p2 / p3 e

() ()
1\ P /N Pe Ps '

+ (m> ‘m-+p,—3 >"1 (m +pa— 3>"2 < M+ Py— 3>”3
2 < P P2 Ps

e

and this, for brevity, I write
m m
Fm = Gm—' <1 >Gm—l + <2 >GnL~2—

Let N

My Dy 25"

denote the number of distributions, associated with a descending specification
containing exactly m parts, and write this

Nﬂl’

when there is no risk of misunderstanding.
Following the proof of Art. 23, it may be proved that

/i m+1 n—m+2\ n—1
m - N/n+< > n— ]+< 2 )Nm—-2+ "+<m_1>N1y

= F <““_nl+ l Iﬂ7n—1+<n“/gj+2> Fm--2-l— cee + (_)7’1+1<n— 1>F1 ’

m—1

and also

and thence

- _ n+ 1\ ~ 7’&+1> me1] 1
Nyn - Gyn < 1 ,) (Xﬁl“l+< 2 ) Gm—?"" +(.—) \'I?Z'—‘].)Glx

Art. 73. From this relation the following results are obtained :—

Ny 1 1 1
N, 2 ) 4
Ns ‘ 1

VOL. COVIL-—A. Q
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114 MAJOR P. A. MACMAHON ON THE COMPOSITIONS OF NUMBERS.
n = 4.
‘ “@. | @ } @), | (212). 4 (14).
N, 1 1 i 1 1 ‘ 1
N, | 5 4 T
N: | l 1 4 5 11
N, | | g
i |
n = b5,
% ’1
G) | (@D | @ | e @ e | )
N 11 1 1 1 ’ 1 1
N, 4 6 o128 26
N, 3 9 | 15 [ 33 | 66
N, o2 s 26
g — 1
n =06
6). | (31). | (42). | (412). | (32 ;(321), (313) (29). 2(2212)} (214). (1),
N, oL |1 |1 T T T T
N, | 5 s | 13 | 9 17 | 20 2 | 41| =
N; 6 | 16 | 9 33 | 67 | 48 93 171 802
N, 1 9 27 20 53 ( 131 | 802
N - 1 4 16| b7
Ne ' | 1

To explain, observe that the number at the intersection of the row N, and the
column (2°1%) shows that N, e = 93.

These tables will be of constant service in verifying results to be obtained.
Art. 74. From the relation

Nm = Gm'— <n—{1>Gm 1+ (12/;1>Gm—2_"'7

we can obtain a system, for, summing each side from m = 1 to m = m,

Nm+ Nm——1+ -t Nl = Gm:— <?;,> G‘m—l + </]21> Gm*2'— teey


http://rsta.royalsocietypublishing.org/

VA\
/s
. 0

/

e

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

\

3

a

/,//\

///

AL

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

MAJOR P. A. MAcMAHON ON THE COMPOSITIONS OF NUMBERS. 115

and, repeating the summation ¢ times,

N,+ <0J{ 1>N,ﬂ~1+<6;r 2>Nm-2+ et <0:;L”1'1' 1>N1 = G- <n—1“0>(}m-1 +<n'2_6>Gm-z— s

/ \

so that, when 0 = n,

\

- n+1 n+m--1 T~
N,,,+< ' )Nm~1+...+< N = G

/

Again, taking differences instead of summing, we get the series

Nm—Nm—l = mT <nT2)Gm—] + <n—2|_2> Gm*B_ vees
-/

/

Nm—sz—l +Nm-2 = Gm'— <n-£l|__ 3 >Gm—1+ (W/;— 3> Gm-—2_ veey

and in general

Nm_ <1i/)> Nm-l +...t Nm—p
= Gm'— <n+]19+ 1> Gm—l + <n+§+ 1> Gm—z_ cee
These results are all given by the two formule

[ 1
N7n+ <]5>Nm-1+ <p;- >Nm——2+ e

/

G (=P n+l—p .
- Gm ( 1 )Gm—-1+< 2 >Gm—2'—-°- 5

N ([ INueit (BN,

\

= Gm— <n+ } +])> Gm~1 + (n+; _}p> Gm—2_ ey

which become the same when p = 0.

Curious Expression for N,,.

Art. 75. T shall now prove that

Nm=Pm-1—-m_—2<7f>f’m—2+gz"?(@}f’m—ﬁ"*(_)m 1 < 7 )Pl,

m—1 1\ m—1\m—2,
where ‘
(101+s——1>”‘<202+s—1y2
L N A (D I s
h o
where {(pr+s)(patso.. b1

denotes the expansion of

(o1t s) (pats)™....
Q 2
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116 MAJOR P. A. MAcMAHON ON THE COMPOSITIONS OF NUMBERS.
when deprived of the terms linear in p,, ps, ..., and of the term independent of
Pis Pay ---

For it is easy to show that two consecutive terms

m—t—1 /n) m—it—2/ n
(——)t 7 ''''''' <t) Pqn——t—1+( )t+1 B -%2’;_. 1'7“ <1/"" 1> Pm—t—ﬂ

may be given the form

(_)ﬂj@:j_:_» </tb> <p1+m t—-l\”l < %m—t~1>”ﬂm

m—1 /
+(_>t+1 %+1> <_201+Wb—"t-—2>"‘ »p2+m—t—2\)"’
t+1 1 ) s .
(=) 71—@“__757_—_2( )<p1+m {— >”* (pg—l—m—t—3>”2
m—1 t+1 P \ P ;T
and, giving ¢ the values 0, 2, 4, ..., and summing and simplifying, we obtain

<p1 +m— 1>”‘* (p2tm— 1>“2
P N P o

_ <n+ 1) (pl—km——Z‘)’” /']o2+on——2>”2
L /v p Qﬁ)z

[n+ ><p1+m 3\ <f72+m~3\’“2
L N A I

which we know to be the value of N,,.
Art. 76. The symmetry of the numbers N, will not escape the notice of the
reader.

Srorron 9,

Art. 77. My purposé now is to connect the preceding pages with my Memoir on
the Compositions of Numbers, to which attention has already been directed. In the
course of that investigation I had occasion to consider the permutations of the
letters in 2By,

with the object of determining the number of permutations containing given

numbers of Ba contacts,
yo 53
718 2

If we take any permutation

L Boyo yBayBa..

and particularly notice all of such contacts, it is clear that the numbers of parts
in the descending specification a, B3, y, ..., being numbers in descending order of
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magnitude, is necessarily one greater than the number of such contacts; in the

present instance there are 6 parts in the descending specification and 5 contacts. The

problem of the determination of the permutations having descending specifications

containing m parts is identical with that which is concerned with those having m—1

contacts of the nature specified. B
Art. 78. I established in the Memoir that the letters in

o By

can be permuted in , .
Sa1 ) So1+Sa1/ \Ss2/ \SaF 831/ \Sa1+ 83

\

wavs 8o as to have exactly
ay g Sy Ba contacts,

S Yo
Sz ¥f3 »
and I further discovered that this number is the coeflicient of
Mo N g0 By
in the development of the function
(24 AaB+Aary)? (24 B+ Nay) (+B+y)"
Art. 79. In the same paper I showed that for this function may be substituted

the function
1

T=(a+B+v)+(1=An) @B+ (1 —Ny) ety +(1—Xg) By—(L1=Xp1) (1 —hsp) By’

which does not involve p, ¢, 7, and may therefore be regarded as the general
generating function of the numbers.

Art. 80. Reserving for the present the generalizations, which were also given in
the papers referred to, it is clear that the application to the present question is

obtained by putting YRR
21 = Agt = Agg = A,

when we find that the number of permutations of
o By,
which have descending specifications containing m parts, is the coefficient of

)\m— 1 ap Bq,y'r

o t of
in the development o (@ +\B+)Ny)” (o B+N\y) (et B+y),

or of 1
i—(a%,@—i—y)%(l—-)\) (oc,8+oc~/+ﬂy)—~(1——)\)2a/3y )

This, therefore, is the true generating function of the numbers N,,.
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It may be verified, for example, that the complete coeflicient of
a2 182,)/2
' (1 420N+ 48X+ 20N+ 1),

which agrees with a previous result.
From a previous result also the coefficient of

)\mwlaqu r
18 <m+p-—1> (’m+q 1> /m+7~-—1>

(
it 2) )
S I

where n = p+qg+7r.

Art. 81. Observe that the generating function is a symmetric function of o, 8, y,
verifying a previous conclusion that an N, number is not altered by any interchange
of the letters a, B, v.

When the numbers p, ¢, # are equal, that is when the objects are specified by the
partition (),

we can establish a symmetrical property of the numbers N.

For coefficient

N (aBy)” in (a+AB+Xy)” (a+B+Ny)" (a+B+y)"
is, by writing 1
~ for X and Aa, A8, My for «, B, v,

equal to coeflicient of
AP (aBy)? in (At B+y)? (Ae+\B+7y)? (A +AB+Ny),
equal to coefficient of
N (aBy)” in (et By)” (A +MB+y)” (2t B+y)",

equal to coefficient of

A= (0 B)P in (a+\B+N\y)? (et+B+M\y)? (a+,3+7)P.
Art. 82. Hence N, =N
m 2p—m=+2

and the numbers N range from N. to N
N1 2p+1s

showing that 2p+1 is the maximum number of parts in the descending specification,
when the objects are specified by the partition

(P%).
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Art. 83. In general, when there are k dyfferent letters,
. Ay, Olgy von, O,
the number of permutations of
alpla2l‘2. . 'akphs

which have descending specifications containing m parts, is the coeflicient of

)\m—l “172, a2p2 . o‘km
in the development of

{og+N(otgt .. o) P {og+ag+ Mag+ ...+ o) 1o {ag+ap+ oA Nay -1 {og o+ oo oy )7

or of i : 1 i S
1=Soy +(1=N) Sy — (1= Seagog+ ...+ (= ) (L =N) a0, .0t

This is the general generating function of the numbers
N...
Art. 84. Since it is symmetrical in regard to
Oy, Oy, veey O,
the value of N,, is not affected by permutation of the letters
Oy, Olg,y ouey O
Art. 85. Tt can be shown also, as in the simpler case, that when
A H=Pa= .. =P =P,
the coefficient of

is equal to the coefficient of

N gttty

k—1)yp—m+1 .
NEZDP=H (o)

so that
Nm = N(k—l)p-—7n+2 5

the numbers N range from N, to Ng-yyps1;

and (k—1)p+1 is the maximum number of parts in a descending specification.

SEctION 10.

Art. 86. The generating function
: 1
1—Soy+(1=N) Sy — (1 =\ Zeoso,+ ... +(= ) (1=N)oey. .0

now presents itself for examination.
Introducing the elementary functions

ala 052: LR
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120 MAJOR P. A. MAcMAHON ON THE COMPOSITIONS OF NUMBERS.
and writing 1—\ = b, it is written
1
1—ay+bay—bas+ ...+ (=Y,
or 1
1—A°
where

A = ay—ba,+bas— ...+ (=YD .
For the present purpose we may consider % to be infinite, and write
A = o —bay+ba,— ...

Art. 87, Taking the symmetric function operators

dy =0y 400, + W00 ,F ...,

g1 542 1

DS - ;:}f‘ (8(11 + ala”z + a2a‘l3 +... )S = %’«((*ZI""),

and an auxiliary fictitious equation
=D T D" =D L = 0,

r being an infinite number, it is necessary to remind the reader of the relations
existing between the operators.
Successive linear operations of
d)\a CZ,IA.) (lv’

are denoted by placing them in separate brackets, thus,

() (d) ().,

but when they are multiplied, as in TAvLOR'S theorem, so as to produce a single
operator of higher order, they will be placed in one bracket, thus,

(dydd,...).
Art. 88. Let monomial symmetric functions of the fictitious relation
=D+ Dy 2= ... =0

be denoted by a partition in brackets with subseript D, thus,

(Do

Then I have shown, in a previous paper,
d1 = Dl = (1)1);
CZZ = D12—21)2 = (2)1),
OZS = . . .‘ = (S)D,
and, in general,

mlmsl... (dyrdyp...) = (pimps™... o
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Art. 89. Every symmetric function identity has corresponding to it a relation
between the operators ; thus corresponding to the set

(1) = (2)+2(1%),

(1) = (3)+3(21)+6(1%),

(1)* = (4)+4(81)+6(2°)+12(21%)+24(1%),

we have the set
() = (d?)+dy = 2 (1%)p +(2)o,
(di)? = (d®)+3 (dydy) +ds = 6 (13),+3 (21)p+(3)n,
(dh)* = (") +6 (di’dly)+ 3 (d)+ 4 (dody) +(d),
= (

: 24) (195 +12 (21%)p+6 (2%)p+4 (31)p+(4)p,

Art. 90. Also, corresponding to the set

20, = $,°—Ss,
6ay = $,° =388+ 285,

240, = 8,*—68,%8,+ 355"+ 85,53 — 65,

&c., we have the set
2D2 = (") = (d)*—
D; = (d) = ( 1)3—3 (dl) () +2d;,
24D4 = (d*) = (dh)*—6 (dh)* (ds) + 3 (da)* + 8 (dy) (ds) — 6 (dy),

and so on.

~ Art. 91. For the special operand
1

1-A
these operator relations assume a special simple form which is of great importance in
the theory of the generating function.

For dA = (=) (1=bA) = (=) A ;
or, qud the above operand, d, = (=) d, ;
s — \ T 1

and thence, from a set of relations given above,
21D, = D, (D, +0),
3! D, = D, (D,+0b) (D,+2b),

s1Dy = Dy (Dy+0)...{Dy+(s—1) b},
s! Dy = t1 Dy (Dy+20) {Dy+ (6 4+1) 0} ... {Dy+(s—1) b}
Art. 92. By means of these we can now arrive at a most important series of

relations.
VOL. COVIL.—A. R
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122 MAJOR P. A. MAcCMAHON ON THE COMPOSITIONS OF NUMBERS.

F -1
o (P = dy = (=b)"Dy;

(P9)o = (ddy) = (1) (dg) =iy,
)p+q 2phpta— 2D12 (_)p+q—2bp+q-—1‘D1,
b)P* 17221 Dy ;

(—
(-
(pgr)o = (d,d,d.)
(dp) (dy) ()= (s g) ()= () (Ly)
( '1""7‘) (dﬁ)+2dp+q+7”
( )p+g+r-3D13,
_3( b)p+q+r—2D12,
+2 (_b)p+q+’r-—1Dl’

= (_b)p+q+r—33 'D,:
and generally
(]01102- "ps)D = (—Z))E”_ssl D,

and more generally
(pimps™...)p = (—b)F?~> (2)
or, if Smp =n, 3w =1,

(pimps™. o

DZTr 5

771!77'2!...

(—by~—"1 D,

7T1177'2!-..

il

Art. 93. From the relations

D? = 2D,—bD,,
D? = 6D3—6bD,+0°D,,
D,* = 24D,—3860D,+ 140°D,— %D,

we find the set

Art. 94. And also the set
(1)Pr= D D (3
S s—2\ — 1\
(517 = Do D (177000 (75

— . —1\,.1
<§>Ds Ds_g{D3+ <3 13>sz+ (5 22>b2D1+ <3 ; >b3}

<‘;’>D8 - DH{Dﬁ <SIt> bD, i+ ...+ <S_tl>bt},

Dy = Dy{D,y +0D, 5+ DDyt o+ 07
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The Expressibility of D,.
Art. 95. The fundamental relation
s1D; = D, (Dy+b) (D, +2b) ... {Dy+(s—1) b},

exhibits D, in terms of powers of D,.
It is clear, & priors, that D, is expressible in terms of D, and powers of D,, e.g.,

) » (D, +2b),

(
< >D D, (D, +2bD, + 31?),
I¢

0

> 2 (DD, + 85D, + 9b°D, + 1207),
> ( Dy = D, (D2 +6bD,Dy + 296D, + 245°D, + 3054, and so on,

where notice, as a verification, that the sum of the numerical coefficients is the same
on the two sides.
In every case D, appears as a factor.
In general the operator products, which appear on the right, are factors of
D,"D,
which contain the factor D,, every weight of operator product being represented once,
and once only, from the weight 2 up to the weight of the single operator on the left-

hand side.
It is important to remark that (2*1)

is a perfect partition® of the number
2k+1 ;

because every lower number can be composed in exactly one way by the parts of the
partition.
Art. 96. It will now appear that there exists an expression for
D,
corresponding to every perfect partition that can be constructed.
The general expression of a perfect partition is )

AL +a) (1+8) (L+)} {(1+2) (1+B)}7 (1+2)1%;

where @, B, y, 0, ... are any positive integers, zero excluded.
The perfect partition (241)

is the particular case a=1,8=h y=58=.. =0

* ¢ Messenger,’ 1890, p. 103.
R 2
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124 MAJOR P. A. MAcMAHON ON THE COMPOSITIONS OF NUMBERS.

In every case, if o be the highest figure in the perfect partition, D, is a factor of
the expression for Dy, e.g., taking the perfect partition

341
we have 40D, = 2D+ 30D;Dy*+ 150°D;D, +200°D,.

I do not interrupt the investigation by stopping to prove the theory of expressi-
bility depending upon perfect partitions; its truth is intuitive.

Art. 97. It is necessary to labour the subject of the operator relations, qud the
special operands, because the whole theory of the numbers N, is involved.

Art. 98. Perhaps the most interesting of the operator relations are those which do
not involve b (or A).

Recalling the relation of Art. 92, viz,,

. )
(prps.. o = (—=by~ —5— D,

ay lmy !
where ;
277_29 = N, 277 =1,
we may also write ) g
(o= (O,
Xl 0X2 LY
where Sxg=v, 3x =7
and, if S

we may eliminate b, obtaining
#Dj (ppe™. o = WT,:;;T“ (g -
Art. 99. The simplest formula thence obtained is found by putting
(pimpa™..) = (29),
(gge...) = (31);
and this leads at once to didy—d? = 0,
o D,D,*— 4D, +3D,D, = 0,
which also results by elimination of & from
2D, = D, (D,+0),
6Dy = D, (D,+0) (D, +20D).

Art. 100. To obtain some more relations in a simple manner, I write

() = (=0)"" D,

(0 = (=1)"D,

() = (=0)"'Dy,
<t+u>n=< DDy,
(uts)p = (=0)* Dy,
(s+1)0 = (=)D
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and then (s+8)p (1) = (8)p (t+u)p = (£)p (u+58)p ;

or, as these relations may be written,
dosidy = dydyyy = dydyys;
or (s+¢t, u)p = (5, t+u)p = (£, u+3)p,

with the usual multiplier (vez., 2), if either
s+t=mu, or t+u=s or u+s==It.
Art. 101.  We are led to the series
(81)p = 2(2%)»,
(41)p = (32)p,
(51)p = (42)p = 2 (8%)p,
(61)0 = (52)o = (43)n,

(7T1)p = (62)p = (58)p = 2 (4*)p, &e,
and generally if (prm..), (goga...)
be functions of the same weight and degree, viz.,

Smp =3xq ; 2w = 2 =1,

771171'2!...(201”‘])2”2...)[) = X;l!X2I...(Q/1XIQ/2X2...)D.

Application of the Foregoing to the Generating Function.

Art. 102. It has been established that
1
L—ay+(1=\) ag—(1=N)’ag+ ...
= 3N N (D1P2- - P)-
We will first of all examine the result of the equivalence of operators
21D, = D*+(1—\) D,
(see Art. 93 qud the operand on the right-hand side). Write the operand

EN‘mY 101202303_.)\1”_1 (101202303. . ) 5

then 2IN m, 10195 13%
= Nm, 10+ 20085 (N n—N m—l)l"l +lgfagls
e.g., put 01=0, =2, ca=¢,=...=0,
m = 3,

2N3, 28 = N3, 1222+(N3"'N2)122 H
verified (from the tables) by
2.48 = 93+ (15—12).
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126 MAJOR P. A. MACMAHON ON THE COMPOSITIONS OF NUMBERS.
Art. 103. Again, in the same formula, put
6=n—2, =0 c=c¢=..=0

2N-m, 92 = Nm, "+ (Nm— Nm—l)ln_l'

b

we find

We obtain, from this, a useful result by writing

n—m-+1 for m,

for then |
2Nn~m+l,21"—2 = Nn-—m+],1“ + (Nn-m+1'_‘Nn-—m)l”—1‘

Art. 104. Observe that Nt = Noopor vt

Nm, -l = Nn—-m,ln*la
Nm—l,l"“l = Nn—m+1,1”‘1 5
so that by addition and subtraction we obtain

Nm,Zl"'—z_l_Nn—m+1,21n_2‘: Nm, 15

Nm,2171’—2__Nn-—m+1, 22 = N'm, ln—l"'Nin—m+1,1""1 ;
or, as we may conveniently write these relations,

(Nm+Nn—m+l)2ln—2 = Nm,l" :
(Nm_Nn~m+1)2lnh2 = (Nm—'Nn~m+l)1""‘1;
= (Nm—Nm-—l)ln_l'

These are the relations connecting N,, and N,_,+, qud the subscript 21"~ analogous
to those connecting the same symbols qud the subscript 17
Art. 105. From any operator relation we can immediately derive a relation between

the numbers N,, by substituting for
b"D.D,...

the expressions

[N (] )N (5 ) Moo

y }101202 Gt lgtl ?

and this it is convenient to denote by
N((r)m, 102, Ot gt L

Art. 106. Thus, corresponding to the operator relation
6D, = Dy (D, +0)(D,+2b) = D+3bD*+2b°D,

we obtain
. ) 1 2 -
6Nm, st = N, oty + 3N )m,101+22023”3_.. +2N¢ )m, 10t olags

As a particular case put

GG=n—38, =c¢=¢=..=0,
so that
6Nm,31n_3 = Nm, 1“""3 (N7n-Nm—l)1n_l+2 (Nm__2N7rk~1+Nm—-2)1”f2 5
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and thence
3 (N7:1.'+'Nn—m+1)31n—3 = Nm, 1"+ 2 (N7n"‘-2Nm—1+Nm—2)1n_2 >
(Nm_Nn—m+1)3ln_3 = (Nm_Nm—l)ln—l .

For n = 6, these relations can be verified by the tables for all values of m.
Art. 107. Similarly the theorems derived from

s1Dy = Dy (Dy+0) (D, +26)...{D,+(s—1) b}
can be at once written down.

|' It is worth noting that this operator relation can, by putting D, = bA,, be written
L

Ds — bs<A1+S—1>_} .

S

-

If sl DD, ... = D+, D> '+ g,D >+ ..,

we can write down the corresponding relation between the numbers N,,.
It will be found that (Nt Noas o=

is a lineat function of g "
Nm, 1% N( )7 ,1”"25 N( )m, it T
and
(Nm—'Nn—m+1)sln_s
a linear function of )
N(l)m, 1, N (3)m, 173, N(5)7n, 5.

and that the same obtains when instead of
s177
we take 81850, 177,
Art. 108. From the operator relation
(p!)™ (po!)™=...D, "D, .. = pH”[Dl (Dy40)... {D1+(pr—=1) b} I
D, "D, = i ML +£2‘1>"2... :
= 0" (WA + 1 AT U A TP L)

we find

where u,, 1, Us, ... are numerical coeflicients that may be determined.

Thence is derived the relation N mom
m,py Py *

= Uon, N (I)m, -1+ u N (2)m, w2t
giving a hint to put
and then

N(t)m, 1n—t = Nmn—t Symbolically’

N, .. = <Nm +pi— 1>”1 <Nm TP 1>"2. .. symbolically.
W P1 Py 2)1 p2

Art. 109. It must now be remarked that, since

N, = {Nm_@ N+ @ Nm}lt
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we obtain

and since

and

we obtain
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N:i:fn+1 = {N71—721+1_<§> Nn—m+ (;\) Nn—-m—l_ ver }

\

-t ’

—_ -1 — 12 -t .
Ns, Pt = Nn—s—t-i—l,ln—ta NZ—~72L+1 - ('—) Nmn >

Noni1, Pipe...
= %N 10— NV, o+ 1N,
= UyN, =, N, u,N 72—
_ (Nm)”l <Nmy’* ,
__ D pa)

Nm, TP

—_ <N—n-—m+1>1rl <Nn--m+1)"2
p1 p2 [N

Art, 110. We have two alternative expressions for

in terms of numbers N

I verify them in the case

(i)

or

Nm, mMp..

w17

PP = 28
N,o=  +N,+N,),
8N, »=  N,+8N, 48N, +N,?
= N,
+3(N,—N,-1 )
+38(N,,—2N,1+ N, o)
+ (N,,—38N,1+3N,,s—N,s)s,

agreeing with, for m = 3,

(it.)

8.48 = 302+3(66—26)+3(11—2.11+1)+(1—3.4+3.1).
Nm, 28 = %(NST-m_N7—m)3:

ot 8N, m=  N®_,—3N%_, +8N%_,—N*_.,
and, for m = 3, 8N,w=  NS—3N/+3N/ N/,
= N,
—3(N,— Ny

agreeing with

8

+ 3 (N4"‘ 2N3 + N2)14
— (N, =8N+ 3N, =N ) 5

.48 = 302—3(26—66)+3(1—2.11+11)—(—3.1+8.4—1).
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Art. 111. We have seen that, in general, we have two expressions for

I\

but, since
’ Nm,p“’ = Nn—m—p+2, 4]

we have four expressions for N
m, p7 5

( N,,,+p—1>’r
P ’
<Nn—m+1‘ﬂ

P )
<Nn—m—-p+2 +p— 1)”
p /7

()

Art. 112, Tt is clear that the operator relations afford unlimited scope for obtaining
theorems connecting the numbers

viz.,

N
Relations, so far utilised, have involved the operator
Dl:

but it is easy to construct them so as not to contain D, and generally so as not to

™,
My Py Py et

contain D,, where s is less than a given integer.
E.g., from the symmetric function relation

(1%) (17) = (2)+2 (21%)+6 (1),

D, = b"Dy,—6bD;+ 6D, ;

we find

and generally the relation ) :
() (¢) = (p+9)+(p+9, PO)+(P'¢")
(=)D, = (=) 2Dy+6 (—b)*** D+ 6(—)*** D, ;

leads to

or, throwing out the factor 2w+ 204

D,? = 1*D,—6bD;+6D,,
the same relation as before.
Moreover, the relation

(pg) (rs) = (p+7, g+ )+ (p+s, grr)+(p+r, gs)+(q+7, ps)
+(p+s, gr)+(g+s, pr)+(pgrs)
leads, after throwing out a power of b, to precisely the same relation.
Art. 1138. This remarkable circumstance greatly limits the number of operator
relations obtainable. It should be observed that any operator relation may be

multiplied throughout by any power of & and may be then used to obtain relations

between the numbers N
m, "y 2.

VOL. CCVIL—A. S
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but no essentially new relations are thus obtainable ; for take a simple case

2D2 = D]_Z + bDl 5
leading to .
2Nm, 1+l = Nm, 16+ 29% + (N m Nm—-l)lcl gt

true for all values of m.

If we take 20D, = bD2+ 12Dy,

we are led to
2 (-Nrm - Nr;b—l)lc‘262+1... = (Nm— N7n—1>1”l+22"‘3... + (Nm - 2Nm—-1 + Nm——2)1°1+12"'2...)

and if the former relation be written
) f (m) =0,
the latter is merely F(m)=f (m—1) = 0;

and further multiplication by b leads to the series of which the general term is

f(m)_<({)f(m—1)+ <g>f(m——2)... ;

so that no new information is obtained. .
Art. 114. The operator relation of the form DD, = a linear function of

Z)tDsa bt.—le+15 bt_2Ds+2; oo
1s not difficult to obtain.

I find that ; I\ /1
S S —
(—=)YD,D, = (t> (O)m—( t )v)bt Dyey

+ <ng 3) <;>bt~21)g+2_... :

D,D.D,

and thence the formula for

follows by taking D, as the operand on each side and then reducing the products

DsDua Ds+1Du7 Ds+2vDu7 ove
by the formula for D,D;.

I find that
(___ )t+uDsDtDu

() L)E) >
- (LU D) G
(GGG O G )G

-
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and, generally, the product of any number of operators is expressible in the required
linear form.

Art. 115. With the object of connecting this theory of the numbers N,, with that
of the numbers N (abc...), the generating function

1
1 _(t1+(]— —}\) 0&2—<1—)\>203+ e

will now be expanded in ascending powers of \, the coefficients of \ being functions
of the homogeneous product sums v
hny hyy by, ...

The point of departure is the elementary formula

1 ‘ .
TR — L+hi+he+hs+....
Remarking that .
].—Cﬂl"l'ag"‘ag"‘... = (1""0‘1) (1—0(-2) (1,“"&3)...,

I write (L—=\) a, for a,

equivalent to writing (1=\)a, for o

and (L=N\yh, for h,;

then
1

L—(1=\) ay+ (1 =Afa,—(1=Naz+...

= 1+ (L=N) 4+ (L =Nl + (1 =)Dy + ...

= % suppose ;

and, as before, write = (1=N\) ty (1 =Ny = A ;
so that 1
EEES
whence, solving for A, Ao 1 u-l
1-\N w ’
and
1 U
L= (1=)\ :
1—A (1=2) 1—\u’
where T L N is the generating function under consideration.

Write H, =h+hy+hs+h+...

Hg - h2+2h3+ 3h4+4h5+ e
H; = hy+ 3l +6hs+10h+ ...
H, = hy+ 4hs+ 10+ 200, + ...

s 2
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so that =T+(1=N) ly+ (1 =N hat (1 =N Dyt ...

= 14+H, - (H,+Hy)+ N (He+ Hy) + ...+ (=) (H,+ Hypy )+ ...
= 14+ (1=N\) Hy=X (1=N) Hy 422 (1=)\) Hy— ... ;

therefore 11:7‘_;‘ = 1=AH, +NH,—=MH,+...

and thence 1 —14 H, = H,+NMHy—...
1—A 1= AH,+NH,—NH, ...

Now let functions Ay, As, Ay A

be connected with H,, H,, H,, H,, ...

in the same way that
Cy, Gy, g, Oy, ...

, d with
are connected wit I T

so that : A =H,,

» = Hy"—H,,
Ay =P =21 H,+ T,

then 1 :
= 1A HNAH A+,
]_'*)\H1+)\,2H2—'A.3H3+... + ! + 2+ 3+

and fij& = 1o (=N M H— ) (T ENA DA+ N A+ L),

On the dexter the co-factor of \* is

LA~ HA o+ HA =+ (=) o,
which has the value A,

since .
(('S'i'] "]llas+ h2(1’s—‘l— cee + (_ )9+1]?/S+], = 0

is a well-known identity in the elementary theory of symmetric functions. ence

LT A FNAGFENALENA

1—A
or, as we may write it,
1

1—a;+(1—=N\) a;—(] —\) Ayt ...
= 14+A +NAGHNAHNA + ..,
=1+ H,+\H,+NH +NHp + .
= 14+ H;+ N (H—Hy)+ N (H?—2H Hy+ H,)
+N (Hy*—8H H,+ H,”+ 2H,H,—H,)+...
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Art. 116. The preceding pages show that the coefficient of

Am—l
in the expansion of
1

L=+ (1=N) ag— (L =Nty + ...

1s equal to
SN

m, (pgr...)s

the summation being for every partition

(pgr...) ;
and this, from the theory of the numbers
N (101292- . °pm)a
223,

P P2 P

is equal to

the summation being for all integer values of
pl s ,p2; . -])m >

or, the same thing, for the compositions of all numbers into exactly m parts.

Hence '
2]7/271 = Al = H] N

22})/7%7’2 = A2 = H11 = ng_H2>
353N pp = Ag = Hyy= H?— 2, Hy+ 11,

22- ..Ehp,p,.,.p,“ = A—m = H]""

a remarkable result.

Art. 117. Since 1

L—a,+(1=7) ay—(1 =AY as+...

=1+ Eh,,‘ + )\Ehﬁ.pz+)‘22hﬁmm+ .
we find, putting A =1,
1

1—ay

=1+ Ekpl‘"zhpmg + Ehpmm'i‘ )
and, since D, = d,=d, ,
Dls (1 + Ehpl + thll’z_'_ Ehp11‘727’3+ M ')

= SU(L4 2y + 3y, + 2yt YT
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and thence, as an easy deduction,
DS ( ]' + 21&2’1 + Ehﬂlpz + Ehl”lpzps + e )

= (L2l + 3y, + 3 0 )™
(f’or observe that, for the operand TL([ , D=s1Dy ), and thence, by an easy step,
L=y /

Dﬁ]mDZ’zﬂz' * '(1 + zh}’x + 2]2/171 P2 + z’h]’l?’zﬂs + . )

Smp)! -
- (h—p:}j(‘;‘%g%;;i. (1 + Ehﬂl + zhﬁl P2 + 27}7’13’2?’3 +.. ')2 P'H'
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